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Abstract 
Owing to their exceptional mechanical and physical properties, carbon nanotubes seem to 
hold a great promise as an ideal structural reinforcing material for composites of high-
strength and low-density. However for the development and ultimate implementation of 
nanotube-reinforced composite materials, predictive models of nanotube reinforcement need 
to be developed. Due to the size, which is at the molecular level, and the geometry of carbon 
nanotubes, traditional composite modelling approaches need to be modified when modelling 
nanotube-reinforced composites. The focus of this research is to develop models of the 
elastic behaviour of single-walled carbon nanotubes and their composites. 
A structural mechanics approach to modelling the deformation of carbon nanotubes at the 
molecular level is first investigated. Fundamental to the proposed concept is the notion that a 
carbon nanotube is a geometrical frame-like structure and the bonds between neighbouring 
atoms act as load-bearing members. The sectional property parameters of these beams are 
established by a linkage between structural mechanics and molecular mechanics. 
Secondly, the stiffening effect of carbon nanotubes is investigated using micromechanical 
methods. The effects of the orientation and agglomeration of carbon nanotubes are also 
examined theoretically. The results obtained from these models are compared to theoretical 
and experimental results available in the literature. The effective elastic properties of 
nanotube-reinforced polymers determined from the micromechanics analysis are then used in 
the analysis of a nanotube-reinforced polymer used in a weight-critical structural application. 
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Since the discovery of multi-wall carbon nanotubes in the early 1990s (Iljima et al. 1991), 
and subsequent synthesis of single-wall carbon nanotubes, a wide range of research activities 
have gone into carbon nanotube structures and their applications. This is due to the unusual 
properties expected of carbon nanotubes. These outstanding physical properties are due to 
the near-perfect microstructure of the nanotubes, which at the atomic scale can be thought of 
as a hexagonal sheet of carbon atoms rolled into a cylinder closed at either end with caps 
containing pentagonal rings. 
Figure 1-1 Representation of the structure of a carbon nanotube 
Many researchers have reported properties that exceed those of any previously existing 
materials. It has been suggested that carbon nanotubes have a density half that of aluminium, 
have tensile strengths twenty times that of high strength steel alloys, have current carrying 
capacities 1000 times that of copper, and transmit heat twice as well as pure diamond 
(Collins et al. 2000). As a result of their small size and extraordinary mechanical, electrical 
and thermal properties, a wide range of applications have been proposed for carbon 
nanotubes. Applications proposed are in the fields of material reinforcement, field emission 
panel displays, chemical sensing, drug delivery and nanoelectronics. 
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The main focus of this dissertation is the use of carbon nanotubes as a filler phase to provide 
structural reinforcement to a host polymer. Conventional carbon fibre-reinforced polymer 
composites have been produced for many years, and are now widely used in applications 
ranging from sports equipment to military aircraft. The high stiffness and high strength of 
carbon fibres are owed to the strong covalent bonds between in planar carbon atoms in the 
graphene sheets, which form the fibres. However, the mechanical properties of carbon fibres 
still fall well short of the in-planar properties of graphite due to structural imperfections. 
Carbon nanotubes on the other hand have a near perfect microstructure resulting in 
unmatched strength and stiffness making them ultimate filler materials for structural 
reinforcement. Numerical simulations on nanotubes have predicted tensile moduli on the 
order of 1 TPa and elastic strains of 5%. Despite the difficulties associated with manipulating 
objects on the size scale of carbon nanotubes, experimental measurements have been carried 
out on them verifying the mechanical properties predicted. 
The combination of high stiffness and high strength of carbon nanotubes allows for the 
addition of a low volume fraction of nanotubes to match traditional composite properties. 
Alternately, the addition of a higher volume fraction of nanotubes may result in a composite 
with stiffness and strength ratios unachievable with traditional composites. Both scenarios 
suggest substantial weight savings for weight-critical applications. As a result of their high 
modulus-to-weight and strength-to-weight ratios, NASA predicts that single-walled nanotube 
composites will reduce spacecraft weight by 50% or more. 
The potential benefits of carbon nanotube-reinforced polymers (NRP) are not only structural 
but also include an increase in the working temperature range, the thermal stability and the 
electrical conductivity of the composite. This multifunctionality suggests that the materials 
may be designed to meet both mechanical and secondary material property specifications. 
Another benefit offered by NRPs over traditional composites is the small size of the 
nanotubes. Their nanoscale size has an advantage in the processing and manufacturing of the 
composites as it allows more flexibility in the shape of the product and the production rate. 
The nanoscale size also allows for reinforcement in the out of plane direction of a composite 
shell. 
For the full potential benefits predicted for nanotube-reinforced polymers (NRPs) to be 
realised, a number of critical issues in the production of NRPs need to be overcome first. 




The current high cost and low production rate of carbon nanotubes: At the moment, 
the price of the raw nanotube material is several orders of magnitude higher than the 
cost of high strength carbon fibres used in composite applications. However, more 
cost-effective and higher yielding production methods are currently being 
developed. The quality and form of the nanotubes produced are also important 
factors to be considered in the production of nanotubes. 
The nanotube-polymer interface: To achieve the excellent structural properties 
predicted for NRPs, there has to be suitable bonding between the nanotubes and the 
polymer matrix to allow for sufficient load transfer at the nanotube-polymer 
interface. Several studies have demonstrated a good load transfer between nanotubes 
and a polymer however more research is required in this area. 
Dispersion of the nanotubes within the polymer: The van der Waals force that exists 
between nanotubes make them difficult to disperse in a polymer thus effective 
dispersion techniques need to be developed to provide uniform material properties. 
Orientation of the nanotubes within the polymer: It is also desirable to be able to 
control the nanotube orientations within the composite thus tailoring the material 
properties. Methods have been developed to orient free standing and as-grown 
nanotubes while progress has been made in the use of magnetism to align nanotubes 
within a polymer. 
Nanotube form and geometry: Nanotubes occur in various forms (single-walled 
nanotubes, multi-walled nanotubes and nanoropes), diameters and lengths. Thus the 
relationship between the nanotube form and its mechanical properties need to be 
determined. 
Due to the size and structure of nanotubes being at an atomic level, traditional methods of 
composite modelling are not qualified to model nanotube-reinforced composites. To allow 
for the interpretation of experimental results and the design of NRP composites structures, 
accurate models of NRP behaviour are needed. Molecular dynamics simulations have been 
performed on carbon nanotubes and their composites at an atomistic level but these methods 
are very computationally expensive and can only simulate finite systems of a few hundred 
atoms. Thus molecular dynamics simulations are not suitable for the modelling of NRPs. 
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They do however give useful insight into subjects such as: elastic properties of nanotubes, 
fracture behaviour of nanotubes, forces between nanotubes, and the nanotube-polymer 
interface. The use of continuum methods to describe the behaviour of NRP has also been 
explored. However, careful consideration needs to be taken when using continuum methods 
to determine the behaviour of materials at an atomic scale. 
In this dissertation, a continuum method linking molecular structures of nanotubes to their 
macroscopic responses through energy equivalence is presented. This method allows for the 
static analysis of nanotubes at an atomistic level. Traditional micromechanics and composite 
models are also extended to address specific features characteristic of NRP materials. The 
effects of nanotube alignment and agglomeration on the effective moduli of NRPs were 
quantitavely determined. Micromechanical results are then used to describe the behaviour of 
a NRP in a structural application. 
Chapter 2 
Background 
2.1 Structure of carbon nanotubes 
The outstanding properties predicted for carbon nanotubes are the result of their atomic 
structure which can be visualized as graphene sheets that have been rolled into cylinders. 
Graphene sheets are two-dimensional arrangements of carbon atoms in a hexagonal array. 
Each carbon atom is bonded to three neighbouring atoms through sp2 hybridized orbitals at 
120° to each other. The sp2 orbitals form strong, covalent a bonds between the carbon atoms 
in the graphene plane, while the remaining n orbitals normal to the graphene plane form 
weak van der Waals bonds between neighbouring graphene planes. The cylinders forming 
carbon nanotubes are typically closed at each end by hemispherical caps, the curvature of 
which is created by the addition of pentagons to the hexagonal lattice. Properties of carbon 
nanotubes depend on the atomic arrangement, the diameter, the length and the nanostructure 
ofthenanotube. 
Due to the hexagonal symmetry of the carbon atoms in the graphitic sheet, different isomers 
are possible depending on how the graphene sheet is rolled. The angle at which the graphene 
sheet is rolled is termed the nanotube chirality, which is defined by the chiral vector C/, and 
the chiral angle 6 as shown in figure 2-1. 
Figure 2-1 Unit cell and chiral vector for a (6,3) carbon nanotube. 
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The chiral vector is defined as a line connected from two crystallographically equivalent 
sites O and A on a two-dimensional graphene structure and may be described by the 
following equation: 
Ch = na + mb (2.1) 
where a and b are unit vectors on the hexagonal lattice and n and m are integers. 
Based on simple geometry, the chiral angle 9 and the diameter d, of the nanotube can be 
given as: 
0=tan" (2.2) 
2m + n 
d^—a^Jnf+mn + n1, (2.3) 
where ac.c is the distance between neighbouring carbon atoms in a graphene sheet 
(approximately 0.142 nm). Three major categories of nanotube can also be defined based on 
the chiral angle as follows: 
0 = 0, 





The chirality has significant implications on certain material properties in particular 
electrical resistivity and fracture behaviour. However, other properties, and in particular the 
stiffness, have been found to be relatively independent of the chirality. 
Carbon nanotubes can further be classified into three broad categories: single-walled 
nanotubes (SWNT), multi-walled nanotubes (MWNT), and Nanotube ropes. SWNTs consist 
of a single graphite layer wrapped into a cylindrical sheet. Typical diameters for SWNTs are 
on the order of lnm, while the lengths are often in the order of urn. The diameter and length 
of the SWNTs are typically dependant on the particular fabrication technique used to 
produce the nanotubes. 
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MWNTs are composed of concentric SWNTs coupled together through van der Waals forces 
resulting in a Russian doll-like structure. The interlayer spacing between the individual shells 
is approximately 0.34 nm, which is close to the interlayer separation of graphite, 0.335 ran. 
The diameter and number of shells is again dependant on the particular fabrication technique 
used to produce the nanotubes. Figure 2-2 shows a transmission electron microscopy (TEM) 
image of a MWNT. 
Due to the wan der Waal forces between nanotubes, most synthesized nanotubes are either 
randomly agglomerated MWCNTs or bundles of closest-packed SWCNTs. The SWNTs 
have a narrow diameter distribution as synthesized, and are consequently typically tightly 
and efficiently packed in bundles. Bundles of SWNTs, called nanoropes, can be seen in 
figure 2-3. 
Figure 2-2 High resolution transmission electron microscopy (TEM) image of a 
MWNT with an internal cap highlighted by the arrow. (Harris 1999). 
Figure 2-3 High resolution TEM image of a SWCNT bundle. (Journet et al. 1997). 
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2.2 Methods of nanotube fabrication 
Since the discovery of carbon nanotubes, a variety of techniques have been developed for 
producing them. The manufacturing processes of the nanotubes include direct-current arc 
discharge, laser ablation, gas-phase catalytic growth from carbon dioxide, chemical vapor-
growth deposition from hydrocarbons, and the self-assembly of single crystals of single-
walled nanotubes. Some of the issues relating to the methods of nanotube fabrication, for the 
application of nanotube-reinforced polymer composites, are the purity of the nanotubes they 
produce, the number of structural defects in the nanotubes, the orientation of the nanotubes, 
and the ability to scale-up the method for mass production. While an in-depth discussion of 
nanotube fabrication techniques is beyond the scope of this dissertation, a summary of 
production techniques is given below. 
2.2.1 Direct-current arc discharge 
Nanotubes were first discovered using the direct-current arc discharge method, which uses 
two high-purity graphite rods brought together under a helium atmosphere depicted in figure 
2-4. A voltage is applied between the rods until a stable arc is achieved. As the anode is 
consumed, the gap between the rods needs to be maintained by adjusting the position of the 
anode. Material deposits on the cathode to form a build-up consisting of an outside shell of 
fused material and a softer fibrous core. The core contains a tangled, poorly ordered mat of 
multi-walled nanotubes and impurities in the form of amorphous carbon and non-tubular 
fullerenes. To separate the tubes subsequent purification steps are required. Doping the 
electrodes with a small amount of metallic catalyst particles produces single-walled 
nanotubes. The limiting factor of this technique is the low production yields, making the 
























Figure 2-4 Schematic of the arc-discharge technique (Saito et al. 1996). 
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2.2.2 Laser ablation 
The laser ablation technique uses a laser to vaporize a small graphite target held in a 
controlled atmosphere oven at temperatures near 1200°C. A tangled mat of nanotubes is then 
collected on a water-cooled target. Although tangled, individual tubes may be made several 
hundred microns in length. The graphite target is doped with cobalt and nickel catalyst to 
produce SWNTs and increase the yield. Impurities in the form of catalyst particles, 
amorphous carbon, and non-tubular fullerenes are also produced. Thus subsequent 
purification steps are required to separate the tubes. An improved method has been 
developed by using cobalt coat silica plate to align the growth of nanotubes (Terrones et al. 
1997). The method offers control of overall length («50 um) and uniformity of diameter of 
the nanotubes (30-50 nm). Laser ablation however faces the same low production rates as arc 
discharge making it unsuitable for our application. A schematic of the laser ablation process 
is shown in figure 2-5. 
Figure 2-5 Schematic of the laser ablation process (Collins et al. 2000). 
2.2.3 Gas-phase Techniques 
In gas-phase techniques, nanotubes are formed by the decomposition of a carbon-containing 
gas. The gas-phase techniques have been recognized as a means of mass-producing 
nanotubes due to the techniques being amenable to continuous processes, the carbon source 
can be continuously replaced by flowing gas. 
The gas-phase growth of single-walled carbon nanotubes with carbon monoxide as the 
carbon source has been refined to produce large quantities of single-walled carbon nanotubes 
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with remarkable purity. The highest yields of single-walled nanotubes occur at the highest 
accessible temperature and pressure (1200°C, 10 atm). The technology has been 
commercialized by Carbon Nanotechnologies Inc for the large-scale production high-purity 
single-walled nanotubes. 
Other gas-phase techniques utilize hydrocarbon gases as the carbon source for production of 
both single and multi-walled carbon nanotubes via chemical vapor deposition (CVD). 
Hydrocarbons pyrolize readily on surfaces heated above 600-700°C. As a consequence, 
nanotubes grown from hydrocarbons can have substantial amorphous carbon deposits on the 
surface of the tubes and will require further purification steps. The lower processing 
temperature does however enable the growth of nanotubes on a wide variety of substrates, 
including glass. Carbon nanotubes grown with CVD techniques are shown in figure 2-6. 
Figure 2-6 Micrograph showing tangled, spaghetti-like carbon nanotubes 
grown with conventional CVD techniques (Thostenson et al. 2001). 
The synthesis of well-aligned, straight carbon nanotubes on a variety of substrates has been 
accomplished by the use of plasma enhanced chemical vapor deposition (PECVD). The 
substrate is coated with a layer of nickel catalyst and high-purity ammonia is used as the 
catalytic gas with acetylene being used as the carbon source. A direct-current power 
generates the required plasma, and a deeply carbonized tungsten filament assists the 
dissociation of the reactive gasses and supplies heat to the substrate. Control of the nanotube 
length and graphitization is accomplished by changing the growth time and temperature 
respectively, and application of the DC plasma results in tube growth in the direction of the 
plasma. The diameter of the nanotubes is controlled by the thickness of the catalyst layer. 
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The control over the alignment and diameter of nanotubes produced using PECVD can be 
seen in figure 2-7. 
J^ffli/M 
Figure 2-7 SEM micrographs showing (a,b) the straightness and (c,d) control over 
nanotube diameter of MWNTs grown via PECVD (Ren et al. 1998). 
Microwave plasma enhanced chemical vapor deposition (MPECVD) is used to grow 
nanotubes in a direction directly normal to the surface of the substrate. An alternating 
microwave frequency source is used to excite the plasma imposing the self bias on the 
surface of the substrate resulting in nanotube growth normal to the surface of the substrate. 
The growth rate under plasma enhancement was shown to 40 times faster than the growth 
rate under thermal CVD. Figure 2-8 shown the alignment and structure of nanotubes grown 
using MPECVD. 
(a) 
MBr** v • iA t̂HMfc-
I hcn.nl CVD MPECVD 
(b) 
Figure 2-8 SEM micrographs showing (a) nanotubes aligned normal to the surface of a glass fibre and 
(b) the influence of MPECVD on the structure of the nanotubes (Bower et al. 2000). 
12 
2.2.4 Self-assembly of single crystals of SWNTs 
The method of self-assembly of single crystals of single-walled nanotubes recently 
developed by Schlittler et al. (2001) enables the production of nanotubes in an ordered array 
with identical diameter, chirility and straight with a high purity. A mixture of C« and Ni is 
evaporated through a nanostencil mask with an array of 300 nm diameter holes, which is 
accurately positioned a few microns above a surface and able to move with sub-nanometer 
precision during the evaporation process. The selection of substrate materials is crucial since 
the substrate should be able to constrain the C60 and Ni at an original 300 nm diameter 
evaporation area during diffusion process at high temperature. Latest studies found that the 
use of molybdenum substrate could provide an excellent result either in the form of a grid for 
transmission electron microscope (TEM) investigation or as a solid film sputtered onto a 
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Table 2-1 Summary of the common methods used for carbon nanotube production. 
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2.3 Mechanical properties of carbon nanotubes 
A large amount of the interest in using carbon nanotubes as a structural reinforcing material 
is due to the high stiffness and strength predicted due to the graphitic lattice structure of the 
nanotube. The strong covalent bonds between atoms in a graphene sheet give graphite an in-
planar elastic modulus of 1.025 TPa and the tensile strength of 0.8 TPa. 
Analysis of the mechanical properties of carbon nanotubes has been pursued extensively 
both theoretically and experimentally. Theoretical modelling can be categorised into two 
categories; atomistic modelling using finite sample simulation and continuum mechanics 
methods. Atomistic modelling methods require huge computational tasks thus limiting 
practical applications of these methods to systems containing a small number of atoms 
confined to relatively short-lived phenomena. With the diameters of nanotubes only being 
several times larger than the length of the bond between carbon atoms, the applicability of 
continuum methods to describe the mechanical behaviour of nanotubes is unclear. 
Despite the difficulties associated with manipulating objects of such a small size, 
experimental measurements have been performed on nanotubes verifying their outstanding 
properties. In this section, we review the theoretical methods used to determine the 
mechanical properties of nanotubes and compare them to experimental results. 
2.3.1 Computer simulation methods 
Numerical computer simulations of a finite sample system to determine material properties 
have become more common recently because the increased computation power available. 
The three main simulation methods used are: atomistic molecular dynamics, tight binding 
methods and ab inito methods. 
In classical molecular dynamics simulation, the dynamic evolution of the system is governed 
by Newton's classical equation of motion, which is derived from the classical Hamiltonian 
of the system. The atomic forces are derived as analytical derivatives of the interaction 
energy functions and are used to construct Newton's classical equations of motion which are 
second-order ordinary differential equations. A molecular dynamics code implements an 
algorithm to find a numerical solution of a set of coupled first-order ordinary differential 
equations given by the Hamiltonian formulation of Newton's second law. The equations of 
motion are numerically integrated forward in finite steps using a predictor-corrector method. 
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The quantum molecular dynamics approach computes the forces between atoms at each time 
step via quantum mechanical calculations within the Born-Oppenheimer approximation. The 
dynamic motions for ionic positions are still governed by Newtonian or Hamiltonian 
mechanics and described by molecular dynamics. Tight-binding molecular dynamics is a 
computationally efficient quantum molecular dynamics approach that provides good 
accuracy for structural and mechanical characteristics. 
The ab inito or first principles methods directly solve the complex many-body Schrodinger 
equation using numerical algorithms, providing an accurate description of quantum 
mechanical behaviour. Current ab inito methods are based on a rigorous mathematical 
foundation of the density-functional theory. This is derived from the fact that the ground 
state total electronic energy is a functional of the density of the system. 
For the computation of the mechanical properties of nanotubes, all three methods have been 
used in a complimentary manner. Ab inito methods have a high accuracy but are 
computationally expensive and are only able to simulate systems of hundreds of atoms. On 
the other hand, molecular dynamics methods are more computationally efficient, capable of 
simulating systems with thousands of atoms but are less accurate. Tight-binding methods lie 
between the other two methods in the computation required and the accuracy achieved. 
2.3.2 Elastic properties 
It is expected that the modulus, strength and stiffness of carbon nanotubes should be 
comparable to the in-plane values of graphite which are well understood. However the elastic 
energies of the in-plane bonds are affected by the nanotube curvature. Nanotubes of smaller 
diameter are affected more heavily than nanotubes of larger diameter. 
The earliest theoretical prediction of Young's modulus was performed using an empirical 
Keating Hamiltonian with parameters determined from first principles (Overney et al. 1993). 
The structural rigidity of (5,5) nanotubes consisting of 100, 200 and 400 atoms were studied. 
Although Overney et al. did not give explicit values of Young's modulus, Treacy et al. 
(1996) suggested that the results imply a Young's modulus of 1500-5000GPa. The earliest 
energetics analysis of carbon nanotubes was performed by Tibbets et al. (1984) using 
continuum elastic theory. The strain energy was determined to be inversely proportional to 
the square of nanotube radius. Robertson et al. (1992) found similar results using both 
Tersoff and Tersoff-Brenner potentials. 
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Initial computational studies performed by Yakobson et al. (1996) used a Tersoff-Brenner 
potential in a molecular dynamics simulation and compared the results to the continuum 
shell model. The value of Young's modulus was fitted at 5.5TPa which is very high due to a 
very small shell thickness which was fitted at 0.066nm. Lu (1997) used an empirical model 
in his molecular dynamics simulation to determine the elastic properties of single-walled and 
multi-walled nanotubes in a simulated tensile test. Young's moduli of -lTPa and shear 
moduli of ~0.5TPa were reported. Factors such as nanotube chirality, radius and number of 
walls had little effect on these values. 
Hernandez et al. (1998) used a better description for interatomic forces in a non-orthogonal 
tight-binding method to derive the energy per-surface rather than per-volume. The surface 
Young's modulus was determined to be 0.42 TPa-nm which translates to a Young's modulus 
of 1.2TPa when a thickness of 0.34 nm is assumed. This value, which is slightly higher than 
that of graphite, was found to be slightly dependant on nanotube diameter. The high 
curvature of small diameter nanotubes tended to decrease the Young's modulus. 
Using the ab inito density functional theory with pseudopotentials, Sanchez-Portal et al. 
(1999) studied the stiffness of single walled nanotubes, multi-walled nanotubes and single-
walled nanotube ropes. The stiffness of single walled nanotubes was found to be close to that 
of the in-plane stiffness of graphite. A summary of the calculated results of Young's 




































Table 2-2 Summary of the theoretical Young's modulus of carbon nanotubes calculated in different 
molecular computer simulation studies 
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Popov et al. (2000a) studied the elastic properties of triangular crystal lattices formed by 
single-walled nanotubes by using analytical expressions based on a force-constant lattice 
dynamics model. Various elastic constants of nanotube crystals were calculated, showing 
that the elastic modulus, Poisson's ratio and bulk modulus clearly exhibit strong dependence 
on nanotube radius. 
The first continuum mechanics approach for modelling of carbon nanotubes was performed 
by Tersoff (1992), who conducted simple calculations of the energies of fullerenes based on 
the deformation of a planar graphite sheet, treated as an elastic continuum. Tersoff concluded 
that the elastic properties of the graphite sheet could be used to predict the elastic strain 
energy of fullerenes and nanotubes. 
Ru (2000a,b) used the continuum elastic shell model to study the effect of van der Waal 
forces on the axial buckling of double-walled nanotubes. Continuum shell models can be 
used to analyze the static or dynamic mechanical properties of nanotubes, however these 
models neglect the detailed characteristics of nanotube chirality and the forces acting on 
individual atoms. 
By linking molecular structures of nanotubes to their macroscopic responses through energy 
equivalence, two continuum-based models for predicting elastic properties of nanotubes have 
recently been proposed by Odegard et al. (2002) and Li et al. (2003). These methods will be 
discussed in further detail in chapter 3. In another recent development by Zhang et al. 
(2002), a continuum theory for modelling carbon nanotubes is established by directly 
incorporating inter-atomic potentials into a continuum-level constitutive relation on the basis 
of the Cauchy-Born rule. These three models are shown to give good predictions when 
compared with more detailed molecular dynamics models and existing experimental results. 
2.3.3 Strength of nanotubes 
The strength of a material is closely related to the distribution of defects within the material 
and thus it has been hypothesised that the strength of carbon nanotubes may be significantly 
higher than that of bulk materials due to their near-perfect microstructure. For this reason, 
the strength of carbon nanotubes is heavily dependant on the synthesis method used as this 
determines the quality of the nanotubes in terms of defects. The strength of a carbon 
nanotube is also dependant on its length as the longer a nanotube is, the more likely it is to 
have the critical concentration of defects somewhere along its length. 
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Theoretical predictions of carbon nanotube strength have been studied extensively using 
molecular dynamics simulation emphasising the roles of defects, loading rate, and 
temperature. Simulations of nanotubes in tensile loading performed by Yakobson et al 
(2001) reported fracture strains of 30% and strengths of 150 GPa. A resistance of the 
nanotubes to break completely in half at very high strain was also demonstrated, with the 
two separated parts being connected by a chain of atoms. Belytschko et al. (2002) also 
studied the fracture of nanotubes using molecular dynamics simulations showing a moderate 
dependence of fracture strength on chirility. Fracture strains of 15.8% to 18.7% and fracture 
strengths of 93.5 GPa to 112GPa were reported. 
Quantum molecular dynamics simulations of plastic yielding in carbon nanotubes have 
uncovered a bond rotation effect under high strains where the hexagonal lattice structure 
rearranges into pentagons and hexagons to lower the energy of the structure. This bond 
rotation is referred to as the Stone-Wales bond-rotation. The effects of temperature and strain 
rate have also been investigated on nanotubes however these simulations are limited by the 
small time scale molecular dynamics methods can address. These effects are not dealt with in 
detail in this dissertation as they are not of importance for our investigation. 
Most synthesized nanotubes are either MWNTs or bundles of closest-packed SWNTs. Thus 
the strength due to interlayer sliding in MWNTs and the strength due to bonding between 
nanotubes in single-walled nanotube agglomerations is of great significance. Simulations on 
MWNTs attached by the outermost shell and then loaded in tension have shown that most of 
the load is carried in the outermost shell indicating a weak inter-shell interaction. When the 
outermost shell breaks, negligible load is transferred to the inner layers. This "sword in 
sheath" mechanism is reversible but limits the potential of multi-walled nanotubes in 
structural applications. Theoretical estimates of the load transfer between SWNTs have 
shown that in order for the full SWNT rope to participate in load bearing up to the breaking 
strength of SWNTs, the contact length between the nanotubes needs to be in the order of 10 
to 120 microns. This is much longer than the length of SWNTs produced to date, which have 
mean lengths in the order of a few hundred nanometres. 
2.3.4 Experimental methods 
The extremely small dimensions of carbon nanotubes have posed great difficulties in 
experimentally determining the mechanical properties. General observations using 
transmission electron microscopy (TEM) were first used to provide insights into the stiffness 
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and strength of nanotubes. Transmission electron microscopy has also been used in a 
quantitative capacity and recently, the ability to measure the response of individual 
nanotubes to forces placed on them has been realised through scanning probe microscopy. 
It should be pointed out that concepts such as Young's modulus and elastic constants belong 
to the framework of continuum elasticity; an estimate of these material parameters for 
nanotubes implies the continuum assumption. Since each individual SWNT only involves a 
single layer of rolled graphene sheet, the thickness t will not make any sense until it is given 
based on the continuum assumption. In the below-mentioned experiments, it is assumed that 
the thickness of the Nanotube is close to the interlayer distance in graphite, i.e. 0.34 nm. 
2.3.4.1 Experimental observations using TEM: qualitative 
Bent and buckled nanotubes are commonly observed in TEM images of carbon nanotubes, 
however completely fractured nanotubes are really observed. This is testament to the high 
breaking strain of nanotubes as samples for transmission electron microscopy are frequently 
prepared by grinding the material under a solvent in a pestle and mortar. As shown in figure 
2-9, TEM images of buckled nanotubes have been compared to images produced by 
atomistic simulations of nanotubes in buckling showing close resemblance, indicating the 
accuracy of the atomistic simulations. 
Figure 2-9 TEM micrograph and computer simulation of nanotube buckling (Yu et al. 2001) 
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2.3.4.2 Experimental observations using TEM: quantitative 
Quantitative measurements of the mechanical properties of nanotubes have been carried out 
by measuring the mechanical resonance of nanotubes in TEM images. Treacy et al. (1996) 
deposited clusters of multi-walled nanotubes on TEM grids such that isolated nanotubes 
were naturally cantilevered. The amplitudes of the thermal vibrations of the cantilevered 
nanotubes were measured from recorded TEM images by measuring the blurred spread at the 
tip positions of the free ends. The mean-square amplitude as a function of temperature was 
used to determine the Young's modulus of the nanotubes if the are considered to act as a 
cantilevered beam. The Young's moduli measured ranged from 410 GPa to 4150 GPa, with 
an average of 1800 GPa. The large spread in values is due to uncertainties in determining the 
exact amplitude of the blurred tip. Krishnan et al. (1998) used a similar method to measure 
the Young's modulus of single-walled nanotubes obtaining an average Young's modulus of 
1.25 TPa. Poncharal et al. (1999) induced mechanical resonance in cantilevered multi-walled 
nanotubes using electric field excitation. The bending modulus of the multi-walled 
nanotubes was again calculated from the measured resonance frequency and nanotube 
geometry. Scanning electron microscopy (SEM) images of electric field induced resonance 
of an individual MWNT are shown in figure 2-10. 
(a) (b) 
Figure 2-10 Scanning electron microscopy (SEM) images of electric field induced resonance of an 
individual MWCNT (a) at its fundamental resonance frequency and (b) at its second order harmonic 
(Poncharal et al. 1999) 
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2.3.4.3 Experimental observations using AFM 
Atomic force microscopy (AFM) has enabled the manipulation of individual nanotubes 
directly providing techniques to study the bending and buckling of nanotubes. Wong et al. 
(1997) measured the bending modulus of multi-walled nanotubes using an atomic force 
microscope. Nanotubes deposited on a low friction M0S2 surface were pinned down at one 
end by depositing square pads of SiO through a mask. Lateral force was applied to the free 
end of the nanotubes at the different points along the length of the multi-walled nanotube. 
The lateral force versus deflection was recorded and a Young's modulus of-1.28 TPa was 
measured using a beam mechanics model and taking friction into account. An abrupt change 
in the force-deflection curve was noticed at deflections larger than 10°. This abrupt change in 
the force-deflection curve was attributed to elastic buckling of the kind observed in TEM 
studies. An overview of the approach used is illustrated in figure 2-11. 
Figure 2-11 Overview of one approach used to probe mechanical properties of nanotubes: 
(a) Nanotubes deposited on cleaved MoS2 substrate, then pinned by a deposition of a grid of 
square SiO pads, (b) Optical micrograph of sample, showing SiO pads, (c) AFM image of 
nanotube tip protruding from SiO pad. (d) Schematic of beam bending with AFM tip. 
(e) Schematic of pinned beam with a free end. (Wong et al. 1997) 
Falvo et al. (1997) used a nanomanipulator and contact mode AFM to manually bend multi-
walled nanotubes. The strong friction force between the nanotubes and the surface was 
sufficient to pin the nanotubes in a strained position for imaging. It was found that the 
nanotubes could be bent repeatedly through large angles sustaining strains of 16% without 
obvious fracturing (See Figure 2-12). Another technique of measuring the vertical deflection 
versus applied force was used by Salvetat et al. (1999a,b) to determine the mechanical 
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properties of multi-walled nanotubes and single-walled nanotube ropes. Nanotubes were 
dispersed onto a nanoporous membrane and an atomic force microscopy tip was positioned 
in the midpoint of the nanotube. A value of ~1 TPa was fit for multi-walled nanotubes grown 
by arc discharge, whereas nanotubes grown by the catalytic discharge of hydrocarbons had 
moduli an order of magnitude lower. 
Figure 2-12 Bending and buckling of MWNTs: (a) Original straight MWNT, (b) the MWNT is bent 
upwards all the way back onto itself, (c) the same MWNT is bent all the way back onto itself in the 
opposite direction (Falvo et al. 1997) 
The axial tensile loading of individual multi-walled nanotubes was realized by Yu et al. 
(2000a,b) using a new testing stage based on a nanomanipulation tool operating inside a 
scanning electron microscope. The nanomanipulation stage allowed for the positioning and 
clamping of individual multi-walled nanotubes or single-walled nanotube ropes between two 
AFM probes as can be seen in figure 2-13. A tensile load was applied to the nanotubes by 
displacing one of the AFM rigid probes and the applied force was determined by measuring 
the cantilever deflection of the other, compliant probe. Stress versus strain curves and 
breaking stress of the nanotubes were obtained indicating Young's moduli values in the range 
of 270 GPa to 950 GPa for multi-walled nanotubes and from 320 GPa to 1470 GPa (mean: 
1002 GPa) for single-walled nanotube ropes. The same apparatus has been used by Yu et al. 
(2000c) to measure the shear strength between shells of multi-walled nanotubes by 
measuring the friction between the inner layers and the outer layers after the outer layer has 
broken in a "sword in sheath" mechanism. The load transferred between the outermost shell 
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and the neighbouring shell was found to be very low with values of shear strength for the 
two multi-walled nanotubes measured being 0.08MPa and 0.3MPa respectively. 
Figure 2-13 Tensile loading of individual MWCNTs. (A) An SEM image of a MWCNT attached 
between two AFM tips . (B) Large magnification image of the indicated region in (A) showing the 
MWCNT between the AFM tips. (Yu et al. 2000b). 
Method 
Amplitude of thermal vibration 
within TEM (Treacy et al. 1996) 
Amplitude of thermal vibration 
within a TEM (Krishnan et all998) 
Electromechanical deflection and 
resonance within a TEM 
(Poncharaleia/,1999) 
Beam-bending via AFM 
(Wong etal. 1997) 
Beam-bending via AFM 
(Salvetat et al. 1999) 
Beam-bending via AFM 
(Salvetat et al. 1999) 
Nanostressing stage within a SEM 
(Yu^a/.2000b) 
Nanostressing stage within a SEM 
(Yu et al. 2000a) 
Type of NT 
Arc-discharge MWCNT 
Laser ablated SWNTs 
Carbon arc MWNTs 
Arc discharge MWCNT 




Laser ablated SWNT 
bundles 
Young's Modulus 
0.41 TPa to 4.15 TPa 
(mean: 1.8) 
1.3 -0.4/+0.6TPa 
(mean: 1.25 TPa) 
~ 1 TPa for 3 nm 
diameter, decreasing to 
< 0.1 for larger diameter 
1.28 TPa 
0.81-0.16/+0.41 TPa 
0.1 to 0.5 TPa 
0.27 to 0.95 TPa 
(outer shell) 
0.32 to 1.470 TPa 
(mean 1.002 TPa) 
Table 2-3 Experimental values of the Young's modulus of carbon nanotubes. 
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2.4 Carbon nanotube-reinforced polymers 
Carbon fibres have been produced for many years and are now widely used for structural 
reinforcement of polymer composite materials in applications ranging from sports equipment 
to military aircraft. The very high strength and stiffness of carbon fibres is owed to the strong 
atomic bonds between in-planar carbon atoms of graphitic carbon. However, their properties 
still fall far below the theoretical maxima of in-planar graphite owing to structural 
imperfections. 
The near-perfect structure of carbon nanotubes has prompted much speculation of their use 
as the ultimate filler phase for the structural reinforcement of polymer composite materials. 
The high strength and stiffness of carbon nanotubes has been demonstrated theoretically and 
verified experimentally. In addition to their outstanding mechanical properties, carbon 
nanotubes have also demonstrated exceptional electrical and thermal properties suggesting 
that carbon nanotube-reinforced composite materials (NRPs) may meet secondary material 
property specifications as well as structural specifications. 
Despite the potential benefits nanotube have to offer as a reinforcing material in polymer 
composites, critical issues must be overcome for their full benefits to be realised. Some of 
the critical issues concerning the uses of nanotubes in polymer composites are: the high-cost 
of nanotubes; interfacial bonding between the nanotubes and the polymer matrix; dispersion 
and orientation of the nanotubes within the polymer; and differences between nanotube 
forms. These issues related to the fabrication of nanotube-reinforced polymers (NRPs) are 
discussed in more detail below. 
For the implementation of NRPs in structural applications, accurate models of NRP 
behaviour are need. Due to the structure of nanotubes being at an atomic scale, traditional 
methods of modelling composite materials can not be used to predict NRP behaviour. Thus 
new methods need to be developed for the accurate modelling of the mechanical behaviour 
of these materials. 
2.4.1 Fabrication of nanotube-reinforced polymers 
In recent years, nanotubes have been used in composites with a variety of matrix resins, 
including polyamides, polyesters, polycarbonates and their blends, polystyrene and high 
performance polymers such as polyphenylene sulphide (PPS), PEI and polyetheretherketone 
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(PEEK). Incorporation of even small volumes of nanotubes into various polymers has 
already led to substantial and demonstrated increases in electrical conductivity, Young's 
modulus, hardness, and thermal conductivity as compared to the non-reinforced matrix 
material. However, the full potential of nanotube reinforced composites had not yet been 
achieved for reasons that are not fully understood. This section will address some of the 
issues related to the fabrication of nanotube-reinforced polymers. 
2.4.1.1 Nanotube dispersion within the polymer 
For the effective use of carbon nanotubes in polymer composite applications it is essential 
that the nanotubes are uniformly dispersed within the polymer matrix. Van der Waals 
attractive forces between nanotubes cause the nanotubes to assemble into ropes or bundles 
which reduce the reinforcing ability of the nanotubes due to slipping between nanotubes in 
contact with one another and a reduction in the aspect ratio (length/diameter) of the 
reinforcement. It is, however, a difficult task to uniformly disperse the nanotubes within the 
polymer matrix. Thus, maintaining separation of the nanotubes during the processing of 
nanotube-reinforced polymers without compromising the nanotube-polymer interface is an 
ongoing subject of NRP research. 
Separation of individual nanotubes from the bundles has been achieved using both chemical 
and ultrasonic treatments. The homogeneity of the composite films are then investigated 
using electron microscopy. A uniform distribution of low volume fractions (1 wt%) of multi-
walled nanotubes in a polystyrene matrix have been achieved by Qian et al. (2000) using a 
solution evaporation method assisted by high-energy sonication. The process consisted of 
separate dispersion and high-energy sonication of the polymer and the nanotubes in a 
tolurene solvent, followed by mixing, casting and solvent evaporation. The dispersion and 
orientation of the nanotubes within the polystyrene matrix can be seen in figure 2-14. 
The use of a surfactant to improve nanotube dispersion by overcoming van der Waals 
attractive forces between nanotubes has been investigated by Gong et al. (2000). It is, 
however, unclear whether such processing agents might compromise the nanotube-polymer 
interface. 
A summary of dispersion methods reviewed in literature is given in Appendix A. 
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Figure 2-14 Transmission electron microscopy (TEM) image of arrangement of nanotubes in polymer 
showing good dispersion and random orientation (Qian et al. 2000). 
2.4.1.2 Load transfer across the nanotube-polymer interface 
For nanotubes to provide optimum reinforcement in composite materials, sufficient load 
needs to be transferred from the polymer matrix to the nanotubes. Load transferred from the 
polymer matrix to the nanotubes is a function of both the aspect ratio of the nanotubes and 
the nanotube-polymer interfacial shear stress. The limiting value of aspect ratio is found to 




where a^x is the maximum strength of the fibre. 
Molecular mechanics studies of binding in nanotube-reinforced polymer composites using 
force-field-based molecular mechanics have demonstrated good interfacial bonding between 
the polymer and the nanotube. The key factor contributing to the interfacial bond has been 
attributed to a helical conformation of the polymer around the nanotube resulting in 
molecular entanglement of the two phases and forced long-range ordering of the polymer 
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(Lordi et al. 2000). Using molecular mechanics, Liao et al. (2001) estimated the interfacial 
shear stress for a polystyrene-nanotube composite to be 160 MPa. 
Wagner et al. (1998) experimentally studied the fragmentation of multi-walled nanotubes 
within thin polymeric films (urethane/diacrylate oligomer EBECRYL 4858) under 
compressive and tensile strain. A nanotube-polymer interfacial shear stress in the order of 
500 MPa was found. This value, if reliable, suggests the possibility of chemical bonding 
between the nanotubes and the polymer in their composites, and is an order of magnitude 
greater than the stress-transfer ability of current advanced composites. Successful transfer of 
tensile load across the interface between multi-walled nanotubes and polystyrene (Qian et al. 
2000) and polyhydroxyaminoether (PHAE) (Jin et al. 1998) have been reported. TEM 
images of PPV and PHAE wetting the nanotubes are shown in figures 2-15 and 2-16 
indicating good adherence between the polymers and the nanotubes. However, Raman 
spectroscopy investigations of stress transfer between nanotubes and epoxy matrices have 
indicated poor load transfer between nanotubes and epoxy. (Ajayan et al. 2000, Sandler et al. 
1999) Transmission electron microscopy images of fracture surfaces in the nanotube/epoxy 
composites showed nanotube pullout and matrix fracture, confirming poor load transfer 
between the nanotubes and the epoxy matrix. Jia et al. (1999) showed that the nanotubes can 
be initiated by a free-radical initiator to open their JI bonds allowing for a C-C bond between 
the nanotube and the matrix. While promising, a much better understanding of the factors 
that influence the nanotube-polymer interface is required. 
Figure 2-15 TEM image showing evidence of PPV wetting the nanotubes indicating good adherence 
between the polymer and the nanotubes. (Curran et al. 1998) 
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Figure 2-16 TEM images of MWNTs in PHAE. (a) Fracture surface. (b,c) Evidence of good 
adherence between the polymer and the MWNT. (d) Plastically deformed MWNT at 
fracture surface. (Bower et al. 1999). 
2.4.1.3 Nanotube orientation within the polymer 
The final properties of the carbon nanotube-reinforced composite materials depend on the 
controllability of the nanotube alignment within the composite material and several 
techniques have been employed to address this issue. 
Ajayan et al. (1994) achieved alignment of multi-walled nanotubes in an epoxy matrix by 
making thin slices (on the order of 100 nm) of the composite with a diamond knife. 
Transmission electron microscopy (TEM) image analysis of the nanotube-reinforced epoxy 
films showed that longer and thinner nanotubes were oriented along the cutting direction, 
while thicker and shorter nanotubes were randomly oriented. This behaviour was attributed 
to shear flow created from the action of the knife. It was also noted that the length of the 
nanotubes did not change during cutting indicating either high nanotube strength or weak 
interfacial bonding between the nanotubes and the polymer. This flow orientation method 
has also been used to orient small amounts of nanotubes (0.1% wt) in a urethane acrylate 
polymer to thicknesses of up to 150 |xm (Zhao et al. 1996; Wood et al. 2001). 
Jin et al. (1998) demonstrated that the alignment of multi-walled nanotubes in a 
polyhydroxyaminoeter (PHAE) polymer could be obtained by mechanical stretching of the 
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composite at temperatures above the glass transition temperature of the polymer. After 
stretching, the samples were cooled at room temperature and then the load was released. The 
degree of orientation was determined by x-ray diffraction and TEM image analysis (See 
figure 2-17). It was noted that nanotube alignment increased with increased stretching ratio 
and was not effected by the thickness of the sample. Bower et al. (1999) further investigated 
the deformation of carbon nanotubes in these films. Haggenmueller et al. (2000) showed that 
melt spinning single-walled nanotubes in fibre form can also increase the alignment of the 
nanotubes in the fibre direction. 
Wang et al. (2003) produced aligned SWNT buckypapers with a thickness of 15 to 30 um by 
filtering well-dispersed SWNT suspensions under high magnetic fields (15 to 25 Tesla). 
Multiple layers of aligned buckypapers were then impregnated with epoxy resin and cured 
forming bulk solid composite samples. Significant alignment of nanotubes in the 
buckypapers was observed using the scanning electronic microscope (SEM). The SEM 
observations of the cross-section of the resultant composite also showed significant 
alignment of the nanotubes along the desired direction, which indicated the tube alignment in 
the magnetically aligned buckypaper was successfully transited into the solid 
nanocomposites (See figure 2-18). 
Figure 2-17 Alignment of nanotubes in PHAE via microtoming . The sample thickness is 90 nm. 
(Jinetal. 1998). 
29 
Figure 2-18 Micrograph showing nanotube alignment on the peeled-off surface of magnetically 
aligned buckypaper (Wang et al. 2003). 
2.4.2 Properties of manufactured nanotube-reinforced polymers 
A great deal of experimental work has gone into determining the effective physical and 
mechanical properties of carbon nanotube-reinforced polymer composites, however it is 
difficult to generalise across these studies due to the large number of parameters that can 
affect the properties. Factors that can affect the properties of a nanotube-reinforced polymer 
include the method of nanotube fabrication, size and form of the nanotube, nanotube-
reinforced polymer processing technique, nanotube-polymer interaction, and the specifics of 
the polymer chemistry. However, one constant throughout much of the experimental work is 
that significant improvements in the properties of the NRP, with respect to that of the un-
reinforced polymer, are obtained. In the following sections we highlight some of the relevant 
work in the literature. 
2.4.2.1 Mechanical properties 
Perhaps the first experimental investigation on the mechanical behaviour of nanotube-
reinforced polymers was carried out by Schadler et al. (1998) on samples of 5 wt% multi-
walled nanotubes mixed in an epoxy. Raman spectroscopy was used to qualitatively measure 
the strain induced in the nanotubes as the samples were loaded. The introduction of 
nanotubes into the epoxy matrix increased the compressive modulus by more than the tensile 
modulus, which was attributed to poor load transfer between the outer and inner layers of the 
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nanotubes. In tension, the load was not transferred from the outer layers to the inner layers 
by the van der Waals forces between the layers. However, in compression, the load was 
transferred to the inner layers through nanotube bent sections and geometrical constraints. 
Lourie et al. (1998) demonstrated a high compressive strength for single multi-walled 
nanotubes in an epoxy matrix using TEM image analysis. The compressive stress was 
induced by the polymerisation shrinkage and the thermal effect associated with the electron 
beam in the transmission electron microscope. 
Polymethyl methacrylate (PMMA) based nanotube-reinforced polymers studied by Jia et al. 
(1999) found that pre-processing of chemical vapour deposition grown multi-walled 
nanotubes using a ball mill resulted in an increase in tensile strength. The ball milling 
operation was attributed to separating individual nanotubes from entanglement thus 
improving load transfer between the nanotubes and the polymer. Scanning electron 
microscopy images of fracture surfaces showed wrapping of the nanotubes by the polymer 
indicating a strong interface between the two phases. 
The tensile moduli and strength of multi-walled nanotube-reinforced polystyrene composites 
were studied by Qian et al. (2000) A homogeneous distribution of 1 wt% (0.5 vol%) multi-
walled nanotubes was achieved by an ultrasound-assisted solution-evaporation method. 
Macroscopic testing of the samples determined an increase in strength of 25% and an 
increase in tensile modulus of 40% over that of the neat matrix material. Transmission 
electron microscopy images of fracture surfaces suggest that cracks propagate in regions of 
relatively low NT density, and that the multi-walled nanotubes tend to align and bridge the 
crack prior to failure (see Figure 2-19). Eventual failure of the nanotube-reinforced polymer 
was due to either nanotube fracture or pull-out from the matrix. Because nanotubes which 
were aligned parallel to the direction of crack propagation tended to break between the crack 
faces (rather than pull-out from the matrix), the authors concluded that a relatively strong 
interface exists between the two phases. 
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Figure 2-19 TEM observations of crack propagation and nanotube crack bridging in an epoxy-
MWNT sample. (Qian et al. 2000) 
Wang et al. (2003) performed dynamic mechanical analysis (DMA) on nanotube-reinforced 
epoxy bulk composites samples produced by impregnating multiple layers of SWNT 
buckypapers with epoxy. Samples made from magnetically-aligned and randomly oriented 
SWNTs were tested. The aligned NRP samples had a nanotube content as high as 59.8 wt% 
due to the close packing of the nanotubes, whilst the random oriented NRP samples had a 
nanotube content of 31.3 wt%. Storage moduli of 40.5 GPa and 15.1 GPa were found for the 
aligned nanotube and random oriented nanotube samples respectively. 
Andrews et al. (1999) dispersed 5 wt% single-walled nanotubes in isotropic petroleum pitch 
improving the tensile strength by -90% and the elastic modulus by -150%. Because the 
pitch matrix is isotropic, the elastic modulus is orders of magnitude lower than mesophase 
pitch fibres used in composite materials. However, the exceptional flexibility demonstrated 
by the nanotube composite fibres suggest that further developments in the alignment of the 
nanotubes within the fibre could result in a new form of carbon fibre that has exceptional 
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stiffness, strength and flexibility. The exceptional flexibility of a carbon nanotube-based 
fibre is demonstrated in figure 2-20. 
Figure 2-20 Micrographs showing the exceptional flexibility of a carbon nanotube-based fibre 
(Vigolo et al. 2000) 
2.4.2.2 Thermal-mechanical properties 
The thermal-mechanical properties of polymeric materials are important from both 
processing and applications perspectives. Nanotubes are on the same size scale as the 
polymer chains in nanotube-reinforced polymers and thus are expected to alter the thermo-
mechanical properties of the nanotube-reinforced polymer with respect to neat polymer. A 
limited amount of experimental research has gone into studying the thermal-mechanical 
behaviour of nanotube-reinforced polymers. 
Shaffer et al. (1999) studied the thermo-mechanical properties of multi-walled nanotubes in 
a polyvinyl alcohol) (PVOH) matrix and found that the glass transition temperature, 
measured by dynamic analysis, moderately increased with the addition of nanotubes. The 
storage modulus at higher temperatures was found to increase substantially with increased 
fraction of nanotubes. This was attributed to a reduction in polymer chain mobility in the 
reinforced samples. Dynamical mechanical analysis of PVOH with different loadings of 
CVD grown nanotubes is shown in figure 2-21. 
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A study on the thermo-mechanical properties of 1 wt% multi-walled nanotubes in an epoxy 
matrix discovered that the glass transition temperature increased by a substantial amount 
(63°C to 88°C) when the nanotubes were well dispersed using a surfactant (Gong et al. 
2000). A smaller shift in glass transition temperature was observed when a surfactant was 
not used to disperse the nanotubes. (See figure 2-22) 
Both studies also found that the addition of nanotubes increased the stiffness of the polymer 
matrix, especially at higher temperatures, and increased the temperature at which the onset of 
degradation initiates. These results suggest that nanotube-reinforced polymers may be used 
as polymer modifiers for high-temperature uses. 
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Figure 2-21 Dynamical mechanical analysis of PVOH with different loadings of CVD grown 
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Figure 2-22 Storage modulus and loss tangent results via dynamic mechanical analysis for different 
epoxy samples. Curves are labelled as: (1) pure epoxy, (2) epoxy plus C^EOg surfactant, (3) epoxy 
plus 1% wt multi-walled nanotubes, and (4) epoxy plus surfactant plus 1% wt multi-walled 
nanotubes (Gong et ah 2000). 
2.4.2.3 Electrical and electronic properties 
In addition to improving the mechanical properties of polymers, the addition of carbon 
nanotubes to polymer matrices also alters the electronic properties of the composite creating 
multifunctional composite materials. Applications for these multifunctional materials could 
include optoelectronics, electrostatic discharge, electromagnetic induction shielding, and 
membrane technologies. 
The addition of nanotubes to an epoxy (Araldite LY556) matrix was found to significantly 
increase the electrical conductivity of the polymer as demonstrated in figure 2-23 (Sandler et 
al. 1999). The polymer matrix is usually used for aircraft applications where high electrical 
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conductivity is required to avoid electrostatic charging and electromagnetic radio frequency 
interference. Carbon black at a concentration of 0.5 vol% is traditionally used as a 
conductive filler for this application. Nanotubes can however achieve the same conductivity 
as the carbon black at a lower filler content (0.04 vol%) due to a favorable percolation 
behavior. The percolation phenomenon is characterized by the presence of a conductive path 
through the matrix due to the formation of a three-dimensional network of conductive fillers, 
which are the nanotubes. A sharp drop in electrical conductivity characterizes the percolation 
threshold in the electrical resistance. Improvements in mechanical properties in this case are 
seen as an additional benefit. 
Nanotubes have also been combined with conjugate polymers creating active materials for 
electronic applications. Some of these applications include light-emitting diodes (Curran et 
al. 1998, Woo et al. 2000), field effect transistors, and photovoltaic devices (Ago et al. 
1999). 
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Figure 2-23 Electrical conductivity of CVD grown nanotubes in an epoxy. (a) CVD grown nanotubes. 
(b) carbon black with copper-chloride, (c) carbon black only. (Sandler et al. 1999) 
Chapter 3 
Modelling of Carbon Nanotubes 
An understanding of the elastic behaviour of carbon nanotubes is important in the analysis 
and design of carbon nanotube-based composites. The elastic behaviour of nanotubes has 
been the subject of numerous experimental, atomistic modelling, and elastic continuum 
modelling studies. Experiments at this length scale are themselves still under development 
and thus have resulted in a range of reported values for various mechanical properties. 
Molecular dynamics simulations have been effective in simulating the deformation of carbon 
nanotubes under various loading conditions. However, the computational expense of 
molecular dynamics simulations limits the size of the nanotubes that can be studied with this 
technique. Most continuum modelling approaches use the continuum shell model to analyse 
the elastic behaviour of nanotubes. However, these models neglect the detailed 
characteristics of nanotube chirality and the forces acting on individual atoms. A modelling 
technique is thus needed that analyses the mechanical response of nanotubes at the atomistic 
scale but is not as computationally expensive as molecular dynamics simulations. 
In this chapter we investigate the continuum-based model for predicting elastic properties of 
nanotubes recently proposed by Li et al. (2003). The model uses classical structural 
mechanics to simulate a nanoscopic nanotube as a marcoscopic frame-like structure and then 
establishing the linkage between molecular mechanics and structural mechanics to obtain the 
required parameters for structural analysis. The advantages of the proposed method are its 
simplicity and ability to analyse at an atomistic scale. 
In the following sections, brief reviews of structural mechanics and molecular mechanics are 
first given and then a linkage between the two is established. The method is then 
demonstrated by a few computational examples. The possibility of extending the model to 
multi-walled nanotubes is also investigated. 
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3.1 A brief review of structural mechanics for space frames 
Structural mechanics analysis enables the determination of the displacements, strains and 
stresses of a structure under a given loading condition. The most common method used for 
analysing structures is the stiffness matrix method, which can be readily applied to analyze 
structures of any geometry and can be used to solve linear elastic static problems as well as 
problems involving buckling, plasticity and dynamics. The stiffness matrix method for 
linearly elastic space frame problems employs an elemental equilibrium equation for each 
element in a space frame. These equations are then transformed from local coordinates to a 
common global reference system so that a set of simultaneous equations can be assembled 
according to the requirements of nodal equilibrium. By solving the system of equations and 
taking into account the boundary restraint conditions, the nodal displacements of the 
structure can be obtained. 
The elemental equilibrium equation for structural analysis can be written as: 
Ku = p (3.1) 
where K is the elemental stiffness matrix, u is the nodal displacement vector, and p is the 
nodal force vector of the element. For the present study, beam elements of uniform thickness 
are required. Beam elements connect two nodal points, each with six degrees of freedom. 
The nodal displacement vector, the nodal force vector, and the elemental stiffness matrix of a 
beam element may be written as: 
u=[uxi Uyi uzi exi exi exi uXJ UyJ uzj exj eyj ejf, (3.2) 




























































































































From the above elemental stiffness matrices, it can be observed that the stiffness parameters 
of tensile resistance EA, flexural resistance EIX and EIy, and torsional resistance GJ need to 
be determined to obtain the deformation of an element of known length. 
3.2 Molecular mechanics 
Molecular mechanics uses classical type models to predict the energy of a molecule as a 
function of the positions of its nuclei. The atomic nuclei are regarded as material points and 
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the forces between them are characterized by a force field, which depends solely on the 
positions of the atoms relative to each other within the molecule. In the most general form, 
the total molecular potential energy is described by the sum of many individual energy 
contributions. 
* w = E ^ + I ^ + I * , + E £ . + L ^ + 2 X (3-8) 
where Er, Eg, E9, and Em, are the energies associated with bond stretching, angle variation, 
dihedral angle torsion, and improper (out-of plane) torsion respectively. The non-bonded 
interaction energies consist of van der Waals, EV(tW, and electrostatic, Eei, interactions. 
Various functional forms may be used for these energy terms, depending on the particular 
material and loading conditions. Energy forms for covalent systems under the assumption of 
small deformation are given below: 
Figure 3-1 Interatomic interactions in molecular mechanics 
3.2.1 Bond stretching 
Whenever a bond is compressed or stretched, the energy increases. For small bond stretching 
increments, the harmonic approximation is adequate for describing the energy: 
Er=kr(r-rJ (3.9) 
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where kr is the bond stretching force constant and req is the equilibrium distance between a 
pair of bonded atoms. For a sp2 bond between carbon atoms the equilibrium bond length req 
= 1.409 A, and the force constant k, = 469 kcal/(mol.A2) (Cornell et al. 1995). 
3.2.2 Angle variation 
The bending energy equation estimates the energy associated with vibration about the 
equilibrium bond angle and can also be approximated by a harmonic function for small 
increments about the equilibrium angle. 
Ee=ke(e-eJ (3.10) 
where kg is the bond angle bending force constant and 9eq is the equilibrium bond angle. For 
a sp2 bond between carbon atoms the equilibrium bond angle 6eq = 120°, and the force 
constant kg = 63 kcal/(mol.rad2) (Cornell et al. 1995). 
3.2.3 Torsion 
The dihedral angle torsion and improper torsion energies are modelled by simple periodic 
functions fitted to experimental data: 
ET=^-[\ + cos(n(p-y)] (3.11) 
where ET is the torsional energy, <p is the rotational angle, V„ is the parameter for amplitude, n 
controls the periodicity and y shifts the curve along the rotation axis. For a sp2 bond between 
carbon atoms the values of n and y are 2 and 180° respectively, whilst the values of VJ1 for 
dihedral angle torsion and improper torsion are 14.5 kcal/mol and 1.1 kcal/mol respectively 
(Cornell et al. 1995). For simplicity, the dihedral and improper torsions are merged and for 
small changes in the rotational angle cp, the torsion energy equation may be approximated as: 
Ez =2£r(A0)
2 (3.12) 
where A<p is the change in rotational angle and K, = V„/2 for dihedral torsion and improper 
torsion = 15.6 kcal/mol 
3.2.4 Non-bonded interactions 
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The non-bonded energy represents the pair-wise sum of the van der Waal's and electrostatic 
energies of all possible interacting non-bonded atoms. The van der Waals forces between 
atoms are modelled using the general Lennard-Jones potential and the electrostatic 
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Tl 
where Ay and By are the parameters used to describe the attraction and repulsion of the van 
der Waals forces respectively while q{ and qj are the electrostatic potentials of the atoms. 
When modelling carbon atoms in a nanotube, there are no electrostatic forces between atoms 
and the van der Waals interactions are only significant when modelling the interactions 
between the layers of multi-walled nanotubes or buckling of single-walled nanotubes. 
3.3 Linkage between sectional stiffness parameters and constants of force fields 
The structure of a carbon nanotube can be visualised as carbon atoms covalently bonded 
together to form a hexagonal lattice structure on the wall of the tube. When a nanotube is 
subjected to external forces, the deformation of the nanotube is a result of the individual 
interactions between its atoms, which are constrained by the bonds between the atoms. The 
bonds between the atoms have characteristic bond lengths and bond angles in a three-
dimensional space. If the covalent bonds between carbon atoms are considered to be 
connecting elements between carbon atoms, the nanotube can be simulated as a space frame-
like structure with the carbon atoms acting like joints between connecting elements. 
To establish a link between the molecular mechanics models of bonding between atoms and 
the structural mechanics models of structural elements between nodes, the relationships 
between force constants of molecular mechanics and stiffness parameters in structural 
mechanics need to be determined. The deformation of a space frame results in changes in 
strain energies of the elements. Thus the stiffness parameters of the elements can be 
determined by energy equivalence with energy terms in molecular mechanics. For 
convenience, it is assumed that the sections of the elements representing the carbon-carbon 
bonds are identical and uniformly round. Thus Ix= Iy= I and only the stiffness parameters 











Figure 3-2 (a) Pure tension, (b) pure bending, and (c) pure torsion 
The strain energy of a uniform beam of length L loaded in pure tension by an axial force N 
can be described by: 
1 N2L _ 1 EA 
2 J° EA 2 EA ~ 2 L 
1 tLN 
UA=-\ ^—dL =  Oh FA 
(ALf (3.14) 
where AL is the axial stretching deformation. The strain energy of a uniform beam under 
pure bending moment M is: 
u M 
1 riM2 ._ 2EI 2 1 EI, v 
= - dL = a 2= (2a) 
2Jo £ 4 I 2 Lx ' 
(3.15) 
where a denotes the rotational angle at the ends of the beam. The strain energy of a uniform 
beam under pure torsion Tis: 
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UT=-\ — d L = = (AJ3) (3.16) 
where Aft is the relative rotation between the ends of the beam. 
It is noted that the mechanical strain energy due to pure tension UA can be equated to 
stretching energy Er, strain energy due to pure bending UM can be equated to bending energy 
Eg, and strain energy due to pure torsion UT can be equated to torsion energy Er. It is 
reasonable to assume that the change in bond length (r - req) is equivalent to the change in 
length of the beam AL, the change in bond angle (6- 9eq) is equivalent to the rotational angle 
at the ends of the beam 2a, and the change in rotational angle A#> is equivalent to the relative 
rotation between the ends of the beam A/?. Thus, a direct relationship between the structural 
mechanics parameters and the molecular force constants can be obtained by comparing 
molecular energy equations with strain energy equations. Stretching energy (3.9) can be 
equated to strain energy due to pure tension (3.14) to obtain the relationship between tensile 
resistance EA and bond stretching force constant kr: 
kr=— (3.17) 
r 2L 
Bending energy (3.10) can be equated to strain energy due to pure bending (3.15) to obtain 
the relationship between bending resistance EI and bond angle force constant kg. 
* . - f (3-18) 
Torsion energy (3.12) can be equated to strain energy due to torsion (3.16) to obtain the 




It follows that a structural mechanics theory can be used to model the mechanical behaviour 
of carbon nanotubes using force constants from molecular mechanics. 
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3.4 Molecular structural mechanics model 
The modelling of molecular structures using a structural mechanics approach is achieved 
using the following main steps. First, an equivalent frame-like structure of the molecule is 
constructed with the atoms modelled as joints and bonds modelled as beams. The sectional 
properties of the beams are determined from energy equivalence of molecular force field 
energy with structural strain energy. Boundary constraint conditions are placed and finite 
element analysis software is then used to solve the displacements of atoms. The elastic 
properties of the molecule can be calculated from the displacement of the atoms. 
Carbon nanotubes can be visualised as graphene sheets rolled into tubes. As the elastic 
properties of graphene sheets are well understood, a graphene sheet is first modelled to 
evaluate the molecular structural mechanics method. Single-walled nanotubes are then 
modelled to calculate their basic elastic properties, such as Young's modulus and shear 
modulus. 
The initial bond length between carbon atoms is taken to be 0.1421 nm which is the widely 
accepted initial bond length between carbon atoms in a graphene sheet. The van der Waals 
forces between non-bonded atoms in the graphene sheet are ignored as they are negligible 
when compared to the bonding forces between atoms. Using the parameters for the AMBER 
force field (Cornell et al. 1995), the stiffness parameters of the beams representing 
interatomic bonds can be calculated using equations (3.17)-(3.19). 
E± = K = 4 6 9 0 0 ^ ^ - = 3 . 2 6 - l O "
7 ^ — (3.20) 
2L mol.nm bondnm 
^- = ke = 6 3 - ^ T = 4 . 3 8 . 1 0 -
1 0 ^ ^ 
2L mol.rad angler ad' 
—  £ e = 6 3 - 4.38-10~
10
 r (3.21) 
9L = K = 1 5 . 6 ^ ^ - = 1.08.10-° * 2 (3.22) 
L moLrad angle.rad 
From the stiffness equations, the geometrical and material properties of the round beam 
elements representing the bonds between carbon atoms can be deduced as: 
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^ = 0.01688nw2 
£ = 5491 nN 
nm2 
1 = 2.267 -\0~5 nm4 
G = 6 7 6 ^ -
nm 
J = 4.535-\0~5nm4 
The finite element analysis software, MSC visual Nastran for Windows, was used to model 
the behaviour of the equivalent frame-like structures of graphene sheets and carbon 
nanotubes. Firstly, the geometric positions of the atoms in the model were calculated and 
nodes were placed at the atom locations. Beam elements with properties as given above were 
then placed between the nodes of bonded atoms. Boundary conditions were then placed on 
the structure so that the elastic properties of the molecule can be calculated from the 
displacement of the atoms. 
3.4.1 Molecular structural mechanics model of a graphene sheet 
Various model sizes of equivalent frame-like structures of graphene sheets were entered into 
a finite element models to determine their elastic moduli. The elastic modulus of a material 
is the linear relationship between normal stress and normal strain in uniaxial tension or 
compression test: 
o- FA 
E = — = °— (3.23) 
s AH/H0 
where F is the total force acting on the object, A0 is the initial cross-sectional area of the 
object, AH is the change in length of the object, and H0 is the initial length of the object. A 
graphene sheet has the thickness of a single carbon atom so to define the cross-sectional area 
of the graphene sheet, the thickness is taken to be the interlayer spacing of graphite, 0.34 nm 
(Dresselhaus et al. 1995). 
Boundary conditions were placed on the models to represent uniaxial tension tests. The 
nodes on one side of the sheet were constrained and equal forces were placed on the nodes 
on the other side to load the sheet in tension. Finite element analysis was then performed on 
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the model and the increase in length of the sheet was determined from the displacement of 
the nodes. The graphene sheets were loaded in two fundamental directions, load case I and 
load case II (see figure 3-3), to determine the effect of bond orientation on the elastic 
behaviour of graphene sheets. In load case I, one third of the bonds are aligned perpendicular 
to the load direction, whilst in load case II, one third of the bonds are aligned parallel to the 
load direction. The elastic properties of various model sizes were calculated to determine the 
effect of model size on the elastic properties of the graphene sheets. 
Load Case I Load case II 
Figure 3-3 Models of graphene sheets loaded in tension. 
The results calculated in table 3-1 show that the elastic moduli of graphene sheets in both 
directions are fairly close to the general accepted value of 1.025 TPa (Kelly 1981), validating 
the molecular mechanics method for determining the elastic constants of graphene sheets. 
The elastic modulus is weakly affected by model size, with the elastic modulus in the load 

























































Table 3-1 Elastic modulus of modelled graphene sheets loaded in two principal directions 
3.4.2 Molecular structural mechanics model of SWNTs 
The success of the structural mechanics modelling method for determining the elastic 
modulus of a graphene sheet established confidence that the method could be used to analyse 
the elastic behaviour of carbon nanotubes. Single-walled nanotubes with armchair chirality 
and zigzag chirality were considered. The geometric positions of the atoms in the nanotubes 
were calculated such that the atoms lay on a cylinder and the distances between bonded 
atoms were 0.1421 nm. Equivalent frame-like structures of the nanotubes were entered into 
finite element models using the same beam parameters as used for modelling graphene 
sheets. Boundary conditions were then placed to represent tests determining the elastic 
behaviour of the nanotubes. 
3.4.2.1 Young's modulus 
To determine the elastic modulus of SWNTs in the axial direction, boundary conditions were 
placed to represent loading the nanotube in tension and finite element analysis was 
performed to determine the displacement of the nodes. The nanotube was loaded in tension 
by constraining one end of the tube and applying a tensile force to the other end. 
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Figure 3-4 Model of a zigzag nanotube loaded in tension 
To determine the elastic modulus of the carbon nanotubes, the cross-sectional is taken to be 
that of a hollow tube with a thickness equal to the interlayer spacing of graphite. The cross-
sectional area may thus be approximated by the following equation: 
A0 = wit (3.24) 
where d is the nanotube diameter and t is the interlayer spacing of graphite (0.34 nm). Figure 
3-5 shows the elastic moduli of armchair and zigzag nanotubes calculated using equation 
(3.23). A trend of increasing elastic modulus with increasing nanotube diameter is observed 
for both armchair and zigzag nanotubes and the chirality of the nanotubes is shown to have 
little effect on their elastic modulus. For nanotubes with diameters less than 0.7 nm, the 
elastic modulus of nanotubes with an armchair chirality is slightly greater than the elastic 
modulus of nanotubes with a zigzag chirality, whilst for nanotubes with diameters greater 
than 0.7 nm, the elastic modulus of nanotubes with a zigzag chirality is slightly greater than 
the elastic modulus of nanotubes with an armchair chirality. The diameter of the nanotubes 
has a significant effect on their elastic modulus for nanotube diameters less than 1 nm, whilst 
the elastic modulus of nanotubes with greater diameters tends towards the elastic modulus 
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calculated earlier for graphene sheets. The results are comparable to the experimental results 
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Figure 3-5 Elastic modulus of nanotubes versus nanotube diameter. 
For the use of nanotubes as a filler phase in composite materials, the elastic modulus of the 
nanotube when the nanotube is considered to be solid fibre is also of interest. The cross-





where d is the diameter of the nanotube and t is the interlayer spacing of graphite (3.4 nm). 
Figure 3-6 shows the elastic modulus of a nanotube considered to be a solid fibre versus 
nanotube diameter. The elastic modulus of the nanotubes decreases with increasing diameter 
due to the hollow tubular structure of the nanotubes. A solid tubular structure also means that 
the density of nanotubes decreases with increasing diameter, thus nanotube diameter needs to 
be considered when analysing and designing nanotube-reinforced polymer composite 
materials. 
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Figure 3-6 Elastic modulus of nanotubes considered to be solid fibres versus nanotube diameter 
3.4.2.2 Shear modulus 
The shear modulus of a nanotube was determined by subjecting the equivalent frame-like 
structure to a torsional moment at one end and constraining the other end. 
Figure 3-7 Model of a zigzag nanotube loaded in shear 
The following formula, which is based on the theory of elasticity at the macroscopic scale, 
was used for obtaining the shear modulus: 
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G = TL« 
9Jn 
(3.25) 
where T is the torque acting at one end, L0 is the original length, 6 is the torsional angle, and 
Jo is the cross-sectional polar inertia of the nanotube if the nanotube is treated as a hollow 
tube with a thickness equal to the interlayer distance of graphene sheets. Figure 3-8 shows 
the shear modulus of armchair and zigzag nanotubes. Similar trends to that of elastic 
modulus can be observed in that the shear modulus increases with increasing diameter for 
small nanotube diameters and chirality has little effect on the shear modulus. The shear 
modulus of the nanotubes again tends towards the shear modulus calculated for graphene 
sheets at large diameters. No experimental results are available for the shear modulus of 
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Figure 3-8 Shear moduli of nanotubes versus nanotube diameter 
2.2 
3.5 Extension of model to MWNTs 
Multi-walled nanotubes consist of multiple layers held together through non-bonded van der 
Waals interactions. The van der Waals interaction results in a force between a pair of non-
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bonded atoms dependant on the distance between the atoms. If the distance between the 
interacting atoms is less than the sum of their contact radii, a repulsive force exists between 
the two atoms and if the distance between the two interacting atoms is greater than the sum 
of their contact radii, an attractive force exists between the two interacting atoms. The van 
der Waals interaction between two atoms is often modelled using a Lennard-Jones potential: 
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where the distance between atoms is r and the constants, s and o for carbon atoms are 0.0556 
kcal/mol and 3.4 A respectively. (Battezzatti et al. 1975). Based on the Lennard-Jones 
potential, the force between interacting atoms can be expressed as: 
dr a 
The force between interacting atoms due to van der Waals interactions is shown in figure 
3-9. Each atom in a MWNT layer forms interacting pairs with other atoms in neighbouring 
layers. However, if the distance between atoms is greater than 2.5 a, the interaction can be 
ignored without significant loss of accuracy. 
In our analysis, we investigate the possibility of simulating the van der Waals forces between 
atoms with an equivalent structural mechanics approach. It is hypothesised that the van der 
Waals forces between non-bonded atoms may be represented by truss rod elements. Truss 
rod elements transmit only tensile or compressive forces between rotatable end joints. The 
tensile and compressive forces transmitted by truss rod elements could thus represent the 
attractive and repulsive van der Waals forces between non-bonded atoms, which are 
represented by nodes in the equivalent structural mechanics method. 
As can be seen in figure 3-9, the van der Waals force between two atoms is highly non-
linear. Therefore, the truss rods representing van der Waals forces need to be nonlinear, with 
a load-displacement relationship characterised by the van der Waals force. Due to the 
intrinsic nature of the van der Waals force, the force exerted by the truss rod element needs 






calculated for a given cross-sectional area. Figure 3-10 shows examples of the stress versus 
strain behaviour of truss elements representing the interaction between atoms with different 
initial distances between the interacting atoms. 
0.8 1.2 1.4 1.6 1.8 2 
Normalized distance between interacting atoms, r/a 
Figure 3-9 The variation of van der Waals force with the distance between two interacting atoms. 
It is noticed that the stress-strain behaviour of the truss elements have distinct stages of 
loading and unloading and thus a suitable nonlinear analysis method is needed for 
simulation. For most nonlinear analyses, the Newton-Raphson method is used to converge 
the solution at each time step along the force deflection curve. The Newton-Raphson method 
increments the load a finite amount at each substep and keeps that load fixed throughout the 
equilibrium iterations. Because of this, it cannot converge if the slope of the force-deflection 
curve at any point is zero. To avoid this problem, the arc-length method may be used as it is 
able to handle zero and negative force-deflection curves. To handle zero and negative force-
deflection curves, the arc-length treats the load-factor as a variable which is modified at each 
iteration so that the solution follows some specified path until convergence is achieved. 
Simulations were carried out on examples of truss elements to determine the ability of the 
arc-length method in determining the relationship between force and displacement of van der 
Waals interactions. Truss elements with initial lengths of: 0.34 nm, 0.3816 nm, 0.4 nm and 
0.5 nm were simulated using the MSC Nastran for Windows finite element analysis 
software. The truss elements had nonlinear elastic material properties with stress-strain 
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relationships as shown in figure 3-10. The arc-length non-linear analysis method was then 
used to determine the force-displacement relationships of the non-linear truss elements. 
(a) (b) 
Figure 3-10 Stress versus strain of truss elements, with a cross-sectional area of 0.1 nm , representing 
the interaction between atoms with initial distances between interacting atoms of: 
(a) 0.34 nm, (b) 0.3816 nm, (c) 0.4 nm, and (d) 0.5 nm. 
The arc-length method successfully simulated the force-displacement relationship for the 
truss with an initial length of 0.3816 nm. Truss elements with an initial length of 0.3816 nm 
have no initial force and the stress-strain curve is positive at zero strain. For initial truss 
lengths lower than 0.3816 nm, the arc-length method was able to simulate the force-
displacement relationship for negative strain but was unable to get the solution to converge 
for positive strains. For initial truss lengths between 0.3816 nm and 0.4231 nm, the arc-
length method was able to simulate the force-displacement relationship for positive strain but 
was unable to get the solution to converge for negative strains. At initial trass lengths of over 
0.4231 nm, the stress-strain curve is negative at zero strain and the finite element software 
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would not accept such a nonlinear material. The finite element software used was thus not 
able to simulate MWNTs using the proposed method. 
3.6 Summary 
A structural mechanics approach to simulating a nanoscopic nanotube as a macroscopic 
frame-like structure has been presented. The bonds between the carbon atoms were modelled 
as beam elements with the cross-sectional properties of the beams being determined through 
energy equivalence with the molecular force field. Thus nanotubes were modelled at an 
atomistic scale using theories of solid mechanics and methods of computational mechanics. 
This allows advantages over more refined atomic simulation methods such as molecular 
dynamics in that the computation is more economical allowing for the simulation of larger 
systems over longer time periods. 
The computational results for basic elastic properties are comparable to those obtained from 
other modelling techniques, giving us confidence that the method can accurately model the 
behaviour of nanotubes. 
The ability of extending the model to MWNTs by introducing a nonlinear truss rod to 
represent van der Waals forces acting between the non-bonded atoms between MWNT layers 
was investigated. Modelling of the nonlinear truss elements was however not achievable 
with the finite element analysis software available. 
Chapter 4 
Micromechanical Methods 
For the application of carbon nanotubes in nanotube-reinforced polymer (NRP) composite 
structures, detailed models of the effective properties of the composite at the macroscopic 
level need to be developed. Molecular dynamic or other atomistic models are too 
computationally intensive for modelling NRPs thus micromechanical methods need to be 
developed to describe the behaviour of these materials. In this chapter, the stiffening effect of 
carbon nanotubes is quantitavely investigated by an extension of traditional micromechanical 
methods. The results from the micromechanical investigation are used to determine the 
engineering constants for a NRP composite. 
Although some encouraging results have been reported on experimental analysis of 
manufactured NRP composites, most experiments demonstrate only moderate improvements 
in strength and stiffness. Some of the characteristics observed in manufactured NRP 
composites that could contribute to the mechanical properties being lower than expected are: 
random orientation of the nanotubes, curvature of the nanotubes and poor distribution of the 
nanotubes in the matrix. In our investigation, we include some of these characteristics in an 
extension of traditional micromechanical models to determine their effect on the overall 
properties of the composite. Other characteristics that may reduce the stiffening effect of the 
nanotubes, such as the nanotube-polymer interface are not included in the model. 
The Mori-Tanaka effective field method is first employed to calculate the effective elastic 
moduli of composites with aligned or randomly oriented straight nanotubes. Then the 
influence of nanotube agglomeration on the effective stiffness is analysed using an Eshelby's 
inclusion model. Analytical expressions derived for the effective elastic stiffness of NRP 
composites with the effects of random orientation and agglomeration show the reduction in 
the stiffening effect of nanotubes to be significant. The results of this study may also be 
useful for improving and tailoring the mechanical properties of nanotube composites. 
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4.1 The Model 
A micromechanics model is developed to determine the effective elastic moduli of a single-
walled nanotube-reinforced polymer. First a polymer reinforced with aligned nanotubes is 
investigated, then the model is extended to a random oriented nanotube-reinforced polymer 
and finally, a random oriented, agglomerated nanotube-reinforced polymer is investigated. 
The unsatisfactory improvement of mechanical properties in experimental results on NRPs 
have also been attributed to observed waviness of the SWNTs and weak bonding between 
the nanotubes and the polymer, however these characteristics are not included in the model. 
The SWNTs in this model are considered to be long, straight and have a diameter of 2 nm. A 
diameter of 2 nm was chosen as it is the mean diameter of commercially available SWNTs. 
Bonding at the polymer-nanotube interface is considered to be perfect. The SWNTs are 
modelled as solid fibres with transversely isotropic material properties. Transversely 
isotropic material properties account for the tubular structure of the nanotubes. 
Representative values of the elastic constants of the SWNTs are taken from the analytical 
results of Popov et al. (2000), who calculated the elastic moduli of nanotubes using a 
perturbation approach to study the long-wave atomic vibrations. 
Polystyrene is chosen for the polymer matrix as theoretical and experimental results have 
demonstrated a good nanotube-polymer interface in nanotube-reinforced polystyrene 
composites. Good dispersion of the nanotubes in polystyrene matrices has also been 
demonstrated. 
Representative volume elements of the composite are chosen and the Mori-Tanaka method is 
used to estimate the overall properties of the composite. The Mori-Tanaka method assumes 
that each inclusion is embedded in an infinite pristine matrix subjected to an effective stress 
or an effective strain in the far field. 
4.2 Composites Reinforced with Aligned Nanotubes 
For this model, a linear elastic polymer matrix reinforced by a large number of dispersed 
nanotubes that are straight, aligned and of infinite length is considered. An elementary cell of 
such a unidirectional composite material can be considered as a fibre embedded in a cylinder 
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of matrix. The cell has an axis of revolution in a direction parallel to the fibres, referred to as 
the longitudinal direction. Every direction normal to the fibre is called the transverse 
direction, and the composite is considered as being transversely isotropic. 
4.2.1 Stiffness Matrices 
Taking direction 1 in the longitudinal direction and directions 2 and 3 in the transverse 
directions, the elastic behaviour of an elementary cell of a unidirectional composite material 
can be expressed as: 
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(4.1) 
where k, I, m, n, and;? are the Hill's elastic moduli; n is the uniaxial tension modulus in the 
fibre direction (direction 1), A: is the plane-strain bulk modulus normal to the fibre direction, / 
is the associated cross modulus, m and p are the shear moduli in planes normal and parallel 
to the fibre direction respectively. A composite with a reinforcing phase volume fraction cr, 
matrix Young's modulus Em and matrix Poisson's ratio vm is considered. Using the Mori-
Tanaka method, the Hill's elastic moduli are found to be (Shi et al. 2004): 
k_. Em{Emcm + 2 ^ ( l + v J l + c r ( l - 2 v J ] } 







m)+Em(\ + cr-2vm)\ 
(4.3) 
n = 
_E2mcm(l + cr-cmvm) + 2cmcr(krnr-^\l+vJ{l-2vm) 
( l + v J { 2 C A ( l - v m - 2 v ^ ) + J E m ( l + c r - 2 v J } 
E\2c2k(\-v )+cn (l-2v +c)-4clv 1 
2c k ( l - v -2v2)+E (l + c - 2 v ) 
(4.4) 
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Em[Emcm+2mr{l+vml3 + cr-4vm)] 
2 ( l + v J { £ m k + 4 c r ( l - v J ] + 2 c m m r ( 3 - v m - 4 v ^ } 
Em[Emcm+2(l + c,)pr(l+vm)] 
2 ( l + v , K ( l + C r ) + 2 C ^ ( l + v . ) ] 
where kr, lr, mr, nr and pr are the Hill's elastic moduli for the reinforcing phase. 
4.2.2 Engineering Constants 
For the application of composite structures, the engineering constants need to be determined. 
The engineering constants are the Young's Moduli, the Poissons ratios, and the shear 
moduli. They are determined by imposing a known stress field and the measuring the strain 
field. Simple tests such as uniaxial tension or shear tests are performed to obtain the 
engineering constants. The expressions for the moduli as functions of the stiffness constants 
are determined for a unidirectional composite material by considering various fundamental 
tests. The reader is referred to Appendix B for detailed calculations of the engineering 
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4.2.3 Evaluating the Engineering constants 
The effective elastic moduli, Poison's ratios, and shear moduli are calculated for a 
polystyrene composite reinforced by aligned, straight single-walled carbon nanotubes. The 
Young's modulus and Poissin's ratio of polystyrene are Em=\.9 GPa and vm=0.3, 
respectively. The single walled nanotubes considered have a diameter of 10A and the Hill's 
elastic moduli are taken from the analytical results of Popov et al. (2004) which are as 
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follows: nr=450 GPa, £,.=30 GPa, mr=pr=\ GPa, and /r=10 GPa. It can be noted that the 
carbon nanotubes are transversely isotropic, with the Young's modulus in the longitudinal 
direction two orders of magnitude greater than the Young's modulus in the transverse 
direction. 
A Matlab script file was compiled to calculate the engineering constants from the analytical 
expressions derived for the effective elastic stiffness of a unidirectional NRP composite with 
increasing volume fraction of nanotubes (See Appendix C.l). 
Figure 4-1 shows the relationship between the longitudinal and transverse Young's moduli 
with increasing volume fraction of nanotubes. The longitudinal Young's modulus increases 
more rapidly with increasing volume fraction of nanotubes than the Young's modulus in the 
transverse direction. This is due to the transversely isotropic property of the nanotubes. It is 
also evident that there is a large magnitude of increase of Young's modulus at low volume 
fraction of nanotubes. The Poisson's ratio vLT and transverse shear modulus GLT are plotted 
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Figure 4-1 Effective elastic moduli of a composite reinforced with aligned nanotubes 
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Figure 4-2 Effective Poisson's ratios of a composite reinforced with aligned nanotubes 
Figure 4-3 Effective shear moduli of a composite reinforced with aligned, straight nanotubes 
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4.3 Composites Reinforced with Randomly Oriented Nanotubes 
In this model, polymers reinforced with randomly oriented, straight nanotubes are 
investigated. The orientation of the nanotube is characterized by two Euler angles so that the 
local coordinate system can be related to the global coordinate system and the orientation 
distribution of nanotubes in the composite is characterized by a probability density function 
for completely randomly oriented nanotubes. When nanotubes are randomly oriented in the 
matrix, the composite is then isotropic. Shi et al. (2004) derived expressions for the bulk 
modulus and shear modulus of a composite reinforced with randomly oriented, straight 
nanotubes using the Mori-Tanaka method. The bulk modulus K and shear modulus G were 
derived as follows: 









3(Km+Gm) + kr-lr 
(4.13) 
Pr 5 




2[Gm(3Km+Gm) + Gm(3Km+7Gm)]' 
Gm(3Km+Gm) + mr(3Km+7Gm) 
(4.14) 






l(n _ / )+SG^+2(kr-g2G + / J 




Km and Gm are the bulk and shear moduli of the matrix respectively. The effective Young's 
modulus E and Poisson's ratio v are given by: 
E = 
9KG_ 




6K + 2G 
(4.18) 
A Matlab script file was compiled to calculate the Young's modulus and Poisson's ratio of a 
randomly oriented NRP for increasing nanotube volume fraction. (See Appendix C.2). 
Figure 4-4 shows the effective Young's modulus versus the volume fraction of randomly 
oriented, straight nanotubes in the same polystyrene matrix studied in 4.2.1. Substantial 
increases in Young's modulus are demonstrated with the addition of a low volume fraction 
of nanotubes. The Young's modulus of the polystyrene matrix can be doubled with the 
addition of only 0.025 vol% single-walled nanotubes. Figure 4-5 shows the Poisson's ratio 
versus the volume fraction of randomly oriented, straight nanotubes in the same polystyrene 
matrix. The Poisson's ratio decreases with increasing nanotube volume fraction until a 
nanotube volume fraction of 0.085 vol%, then the Poisson's ratio increases with increasing 
nanotube volume fraction. 
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Figure 4-5 Poisson's ratio of a composite reinforced with randomly oriented, straight nanotubes 
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4.4 Agglomeration of Nanotubes 
It has been observed in carbon nanotube-reinforced composites that a large amount of the 
nanotubes are concentrated in agglomerates. The van der Waals attractive forces between 
nanotubes cause them to agglomerate into bundles. SWNT tend to have a higher degree of 
agglomeration compared to MWNTs due to their lower bending stiffness and higher aspect 
ratios. In this section, a two parameter micromechanics model of agglomeration is used to 
determine the effect of nanotube agglomeration on the elastic properties of randomly 
oriented NRP composites. The regions with concentrated nanotubes are assumed to be 
spherical in shape and are considered as inclusions with different elastic properties from the 
surrounding material. The total volume Vr of the nanotubes in the representative volume 
element Fcan be divided into the following two parts: 
y _ yinclusion + ym (4.19) 
where y™clus,on and y™ denote the volumes of nanotubes dispersed in the inclusions and in 
the matrix respectively. The average volume fraction cr of nanotubes in the composite is: 
< V = y (4-20) 
The two parameters used to describe the agglomeration are introduced. 
V 
p inclusion (AT]} 
TT inclusion 
r 
t, denotes the volume fraction of inclusions, Vinclusion with respect to total volume of the 
composite Fand t, denotes the volume fraction of nanotubes in the inclusions with respect to 
the total volume of nanotubes. When £=1, the nanotubes are uniformly dispersed in the 
matrix, and with the decrease in £,, the agglomeration degree increases. When £=1, all the 
nanotubes are concentrated in the inclusions with the concentration of nanotubes in the 
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inclusions decreasing with decreasing C,. When £=£„ the nanotubes are uniformly distributed 
within the matrix and £ must be greater than L, for agglomeration to be present. 









It is noted that the volume fractions of nanotubes in the inclusions and in the matrix must be 
less than 1. The effective elastic moduli of the composite are calculated using different 
micromechanics methods. Two methods are used to determine the elastic properties of the 
inclusions and the matrix. For the first method, the Voigt model, the anisotropy of the 
nanotubes is neglected and they are considered to be isotropic. The Voigt model provides the 
effective modulus of inclusions Ein and their surrounding Eout as (Jones 1999): 
_3fcr(l-Q 
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(4.26) 
The effective Young's modulus E of the composite may thus be calculated. 
E = E„ 
E0ut + \Ei„ Eout |5 
Eout+iEin-E^'^-e) 
(4.27) 
In the second method, the nanotubes are considered to be transversely isotropic. The elastic 
moduli of the inclusions and the matrix are estimated using the Mori-Tanaka method, as 
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described in section 4.3. The effective bulk moduli Kin and Kou, and the effective shear 
moduli Gin and Gout of the inclusions and the matrix respectively are given by: 
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(4.31) 
The effective bulk modulus T̂ and the effective shear modulus G of the composite are 
derived using an Eshelby's inclusion model. 
K = K. 1 + - K^out 
K„ l + a ( l - < n — 2 - - 1 
K out J 
(4.32) 
G = G„ 1 + -
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where vou, is the Poisson's ratio of the hybrid matrix: 
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v , = 35°"' 2G°U\ (4.35) 
2(3Kout+Gout) 
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6K + 2G 
(4.36) 
(4.37) 
Matlab script files were compiled to calculate the influence of agglomeration on the elastic 
properties on NRPs. Firstly, the nanotubes were considered to be isotropic and then they 
were considered to be transversely isotropic. The representative values for Young's modulus 
and Poisson's ratio of the isotropic nanotubes and the polystyrene matrix material were taken 
as ECNT~ 450 GPa, Em= 1.9 GPa and vr = vm = 0.3 respectively. The Hill's elastic moduli of 
the transversely isotropic nanotubes were taken as follows: nr=450 GPa, kr=30 GPa, mr=pr=l 
GPa, and /r=10 GPa. (See Appendix C.3). 
The Young's moduli of agglomerated composites are shown as a fraction of evenly 
distributed composites in figures 4-6 and 4-7. In figure 4-6, the nanotubes are considered to 
be isotropic and in figure 4-7, the nanotubes are considered to be transversely isotropic. 
To illustrate the effect of agglomeration more clearly, two more specific cases of 
agglomeration are presented. In the first case, all the nanotubes are concentrated in the 
inclusions, i.e., £=1. The agglomeration models above are thus reduced to having only one 
agglomeration parameter, §. The relationships between the volume fraction of inclusions § 
and the effective Young's modulus E of composites with various average volume fractions 
of nanotubes cr are shown in figure 4-8(a). In the second model, the nanotubes are 
considered to be transversely isotropic. The representative values of elastic constants of 
nanotubes that were used in section 4.2.1 are used to determine the effective elastic 
properties of a composite with agglomeration. The effective Young's moduli of composites 
with various average volume fractions of nanotubes are plotted against volume fraction of 
inclusions in figure 4-9(b). 
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VJ> 0 .5 
Figure 4-6 Contour plot showing the effect of agglomeration on Young's modulus with respect to a 
uniformly distributed composite (Eaggiomerate<j/Edistributed)- The nanotubes are considered to be isotropic 
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Figure 4-7 Contour plot showing the effect of agglomeration on Young's modulus with respect to a 
uniformly distributed composite (Eaggiomerated/Edistributed). The nanotubes are considered to be 
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Figure 4-8 Effect of nanotube agglomeration on the effective elastic modulus with (J«l, in which the 
nanotubes are considered to be: (a) isotropic, and (b) transversely isotropic 
Analysis of the graphs reveals that the value of elastic modulus for agglomerated composites 
has a maximum value when the nanotubes are completely dispersed within the matrix, i.e. 
£=1. The value of elastic modulus then decreases rapidly with increasing agglomeration 
parameter §. Values of § lower than 0.6 yield very low increases in effective elastic modulus 
with addition of nanotubes. 
In the second case, i;=0.5 and the stiffening effect of the nanotubes is investigated with 
varying C,. The effective elastic moduli for various average volume fraction of nanotubes cr 
are plotted against volume ration of nanotubes concentrated in the inclusions. Figure 4-7(a) 
shows the reduction of stiffening effect of the nanotubes with an increase in the volume ratio 
of nanotubes situated in the inclusions. In figure 4-7(a) the nanotubes are considered to be 
isotropic and show a similar curve changing tendency to figure 4-7(b) where the nanotubes 
are considered to be transversely isotropic. However, when the nanotubes are considered to 
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be transversely isotropic, the values of elastic modulus are lower than those of composites 
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Figure 4-9 The effective modulus of a nanotube-reinforced composite with agglomeration effect with 
4=0.5, in which the nanotubes are assumed to be (a) isotropic, and (b) transversely isotropic 
4.5 Summary 
The effects of nanotube orientation and agglomeration on the elastic properties of single-
walled nanotube-reinforced polymers were examined theoretically using analytical 
micromechanics methods. Polystyrene reinforced with well dispersed, aligned single-walled 
nanotubes showed a rapid increase of Young's modulus in the fibre direction with increasing 
volume fraction of nanotubes. However, the Young's modulus normal to the fibre direction 
only increased marginally with increasing nanotube volume fraction due to the transversely 
isotropic properties of nanotubes. Remarkable improvements in the elastic properties of 
72 
Polystyrene were demonstrated for the addition of straight, randomly oriented nanotubes. 
These results suggest the possibility of tailoring the properties of NRP composites by 
controlling the orientation of the nanotubes. However, these results require that the 
nanotubes are straight, long and well dispersed. 
Experimental studies on nanotube-reinforced polymers have shown limited ability to control 
the distribution of nanotubes within the matrix. The influence of distribution of the 
nanotubes within the matrix was analysed using an Eshelby's inclusion model, where the 
composite is assumed to have spherical inclusions with concentrated nanotubes. Results 
showed a significant effect on the elastic properties when nanotubes are concentrated in 
agglomerations. 
Observations of manufactured NRP have shown waviness of the nanotubes within the 
polymer. This observed waviness of the nanotubes would also affect the elastic properties of 
the NRPs indicating the need to develop models to analyse the effects of nanotube waviness 
on the properties of NRPs. 
Chapter 5 
Structural Application of Nanotube-Reinforced Polymers 
The predicted high-stiffness and high-strength of nanotube-reinforced composite materials 
has created a great deal of interest in their use in structural applications. Reducing structural 
weight, whilst maintaining critical material properties such as strength and stiffness, is one of 
the key design criteria for many applications. The aim of this chapter is to analyze carbon 
nanotube-reinforced composite structures to determine their mechanical performance 
enabling a comparison with traditional materials. 
Using the micromechanical results obtained in chapter 4, the performance of composite 
beams reinforced with both aligned and randomly oriented nanotubes are analyzed. For 
composites reinforced with aligned nanotubes, classical laminate theory is used to analyse 
the structural performance of a laminate beam. The results are then compared to traditional 
carbon fibre-reinforced polymer composites. Randomly oriented NRPs have isotropic 
material properties so the best measure of their structural performance is their specific 
modulus which can be compared to the specific moduli of other materials used in weight-
critical applications. 
The structure chosen to analyse the performance of aligned NRPs is a symmetrical laminate 
beam element in bending. Analysis of beam elements is important for both the mechanical 
characterization by bending tests, and the use of beams as basic elements of structures. The 
beam is loaded simply about three points with the measure of structural performance being 
taken as the deflection of the beam at its mid-point. 
5.1 Classical laminate theory 
For the case of a straight, aligned nanotube-reinforced composite, the composite structure is 
considered to be a symmetric laminate. General expressions, needed to describe the 
deflection and the stresses within a symmetric laminate are taken from Berthelot (1998). 
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(5.1) 
The differential equation used to describe the deflection curve of a beam in the case of 
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and A is the determinant of the matrix [Z),j] in equation 5.1: 







On introducing the terms of effective bending modulus Ex, quadratic moment / of the cross-













The stresses in the Ath layer of the laminate may be written as: 
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(5.8) 
These stresses are correct only at a significant distance (>&) from the edge of the beam. The 
preceding results are therefore applicable only to the case of beams that have a high ratio b/h. 
The shear stress in the layers is deduced as: 
CT= = - a l z o 'iY • * 
h 
(5.9) 
and dk are new constants to be determined by assuring the continuity of a^ within the 
thickness of the beam and to is the maximum shear stress at z=0, that is: 









5.2 Three-point bending 
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Figure 5-1 Three-point bending 
For the application, a beam bending about three points was chosen. Due to the symmetry of 
the problem, only half of the beam is considered. The bending moment is expressed by the 
relation: 
M = -— , 0<x<-
2 2 
(5.12) 
where P is the total load applied at the centre of the beam. The differential equation of the 
deflection curve of a beam is (6.2): 
d2wn M Px 
dx2 EI 2EJ 
0 < x < (5.13) 
In the case of simple supports the boundry conditions for x=0 are: 
M = w0 = 0 (5.14) 
The symmetry of the beam requires that, for x=L/2: 
dx 
= 0 (5.15) 




w0 = 4SEJ 
2x 
(5.16) 
The deflection at the centre of the beam (x=L/2) is: 
PL' PL3 n . 
wc = = Mi 
c A&EJ 486 " 
(5.17) 
In the case of an isotropic material, the effective bending modulus of the beam Em is the 
Young's modulus of the material. For a symmetrical laminate beam, the bending stresses in 
the Ath layer are given by (5.7): 
ak„ =-6a 
XX J * 3 
bti 
xz (5.18) 
These stresses are maximum for x=L/2, that is: 
<rl = -3a* — 7 - z o t = -2akan — XX , , , 3 XX 
6/l *-xx
w0 (5.19) 





The shear stresses in the Ath layer may be written as (5.9): 







5.3 Straight, aligned nanotube-reinforced laminate 
As an example of straight, aligned nanotube reinforced laminates, three symmetric laminates 
made of eight layers of the same thickness and oriented at 0°, ±45°, and 90° were considered. 
The stacking sequences of the three laminates considered were: [0°/45o/-45o/90°]s, 
[90°/457-45°/0°]s, and [45°/07-45790°]s. The engineering constants for the unidirectional 
nanotube reinforced composites were calculated in section 4.2. These values were used in 
Matlab script files (Appendix C.4) to determine the deflection at the centre of the beam wc 
(5.17) for increasing volume fraction of nanotubes cr. The decrease in deflection versus the 
increase in volume fraction of nanotubes for the three stacking sequences is shown in figure 
5-2. It is evident that the deflection of the beam decreases dramatically at low volume 
fractions of nanotubes. This illustrates the substantial increase in stiffness of a polymer with 
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Figure 5-2 Influence of volume fraction of nanotubes cr on the deflection of a nanotube-reinforced 
composite beam wc with respect to a non-reinforced beam w0. 
The variation of the bending stress a^ (5.19) and the variation of the shear stress o^ (5.21) 
across the thickness of a nanotube-reinforced composite beam, with a nanotube volume ratio 
of 0.1, are plotted in figure 5-3 and figure 5-4 respectively. Bending and shear stresses for an 
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isotropic material are plotted for comparison. From the plots it is noticed that most of the 
load is carried in the nanotube direction. The variation of stress across the laminate is 










0.5 1 1.5 
[45°/0%45°/90°]s 
















0.5 1 1.5 
aJ"o 




























\ - ~_ 
v\ 












" \ S N 
""^-N 
, ^ y 
/ V 
--"^l * "' 




Figure 5-4 Variation of shear stress ax. across the thickness of the laminate 
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To determine the performance of a nanotube-reinforced composite a comparison with a 
traditional, well established composite material is needed. The composite material chosen to 
compare against is a high modulus, high strength unidirectional carbon fibre-reinforced 
epoxy with the following characteristics: 
En= 159 GPa, E22= 14 GPa, Gtf 4.8 GPa, v12= 0.32, Vj= 0.6, p- 1570 kg/m
3. 
Symmetric carbon fibre-reinforced composite beams with a length-to-height ratio, L/h = 20 
and fibre orientations as in the previous examples are used as a comparisons against 
nanotube-reinforced composite beams with the same orientations and length but varying 
thickness h and nanotube volume fraction cr. The deflections of the nanotube-reinforced 
composite beams for varying nanotube volume fraction and thickness are calculated and the 
results of the deflection of the nanotube-reinforced composite beams wc are plotted as a 
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Figure 5-5 Contour graphs showing the effect of nanotube volume fraction cr and thickness h on the 
deflections of NRP laminate beams. The deflection is expressed as a fraction 
of the deflection of a comparison carbon fibre-reinforced beam (wc/w0). 
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The main driving force for nanotube reinforced composites is the predicted high strength-to-
weight and stiffness-to-weight ratios. Thus a comparison of the masses of the nanotube-
reinforced beam and the carbon fibre-reinforced beam is needed. The mass of the nanotube-
reinforced composite beam as a fraction of the mass of the comparison carbon fibre-
reinforced composite beam (m/mc) can be expressed by: 
m,/ 
\PmCr + Ppolystyrene V Cr )PNT 
c Pcarbon- fibre-composite carbon-fibre-composite 
(5.23) 
where pNT is the density of a SWNT with a diameter of 2 nm. 
The masses of the nanotube-reinforced composite beams m are plotted as a function of the 
mass of the carbon fibre-reinforced beam m0 in figure 5-6. 
Figure 5-6 Contour graph of mass of the nanotube-reinforced composite beam as a fraction of mass 
of the comparison composite beam m/m0 as a function of nanotube volume fraction cr and 
thickness h of the beam 
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When the contours graphs in figure 5-5 and 5-.6 are combined, it is possible to compare the 
deflection of and the mass of nanotube-reinforced composite beams with a carbon fibre-
reinforced composite beam. It is evident that for a nanotube-reinforced polystyrene beam 
with a low volume fraction of reinforcement is able have the same mass and deflection under 
pure bending as a carbon fibre-reinforced beam. Some examples of nanotube-reinforced 
polystyrene beams which experience the same deflection as the carbon fibre-epoxy 







































Table 5-1 Nanotube volume fraction cr and mass ratio m/mc of nanotube-reinforced composite beams 
which have the same deflection under three-point bending as the comparison carbon fibre-reinforced 
composite beam. 
5.4 Random oriented, straight nanotubes 
For the case of a composite reinforced with randomly oriented, straight nanotubes, the 
material is considered to be isotropic at the macroscopic level. Thus it is best to compare the 
specific modulus (modulus/density) of random oriented NRP with that of bulk materials to 
determine their performance in weight-critical structural applications. The Young's moduli 
of randomly oriented NRPs calculated in chapter 4 are divided by the density of the 
respective NRP to calculate the specific modulus of the NRP material. 
The specific modulus of polystyrene reinforced with an increasing nanotube volume fraction 
of well dispersed, randomly oriented randomly oriented nanotubes is shown in figure 5-8. 
These values can be compared to the specific moduli of other materials commonly used in 
weight-critical applications given in table 5-2. It is noted that a high volume fraction of 
nanotubes is needed to provide structural performance equal to existing bulk materials, thus 




Figure 5-7 Specific modulus versus nanotube volume fraction of randomly oriented nanotube-















Table 5-2 Specific Modulus of common bulk materials 
The effect of nanotube agglomeration studied in section 4.4 reduces the Young's modulus of 
a randomly oriented NRP by a significant amount and thus will have the same effect on the 
specific modulus of the NRP. 
5.5 Summary 
The addition of well dispersed straight, aligned SWNTs to polymer matrices greatly 
increases the elastic modulus of the composite in the nanotube axis direction. Elastic moduli 
of carbon fibre-reinforced composite materials can be matched with the addition of a low 
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volume fraction of nanotubes and unmatched elastic moduli are achievable with the addition 
of high volume fractions of nanotubes. 
However, the elastic modulus of aligned NRPs perpendicular to the nanotube axis direction 
is only moderately increased with the addition of nanotubes. This is due to the transverse 
isotropy of the nanotubes, traditional fibres used to reinforce polymer composites are 
considered to be isotropic. The resulting elastic modulus of aligned nanotube-reinforced 
polystyrene perpendicular to the nanotube axis direction is an order of magnitude lower than 
that of carbon-fibre-reinforced epoxy. This is due to both the elastic modulus of epoxy being 
greater than polystyrene and the nanotubes offering less reinforcement in the direction 
perpendicular to the nanotube axis. 
The higher degree of transverse isotropy of aligned NRPs compared to carbon fibre-
reinforced polymers results in NRP laminates designed to take advantage of the higher 
degree of transverse isotropy outperforming carbon fibre-reinforced composites by a 
substantial amount. For a [0/45/-45/90]s laminate loaded in pure bending about the x-axis, 
most of the load is carried by the outer layers which have fibre orientations in the load 
direction. NRP laminates with this orientation thus outperformed carbon fibre-reinforced 
polymer composites substantially. 
Due to the hollow tubular structure of SWNTs, their density is lower than the density of 
carbon fibres which have a solid cylindrical structure. A polymer reinforced with nanotubes 
will thus have a lower density than a polymer reinforced with carbon fibres. The low density 
of the nanotubes in relation to carbon-fibres and the lower density of polystyrene in relation 
to epoxy results in a nanotube-reinforced polystyrene having a substantially lower density 
than carbon fibre-reinforced epoxy. 
The addition of well dispersed straight, randomly oriented SWNTs to polymer matrices 
greatly increases the elastic modulus of the polymer. However, unachievable high volume 
fractions are required to equal the specific moduli of traditional bulk materials used in weight 
critical structural applications. The use of random oriented NRPs in purely structural 
applications is thus not viable. However, the specific modulus of polymers already used in 
weight-critical applications may be increased by the addition of randomly oriented 
nanotubes. The increase in specific modulus of the resulting polymer will allow for a 
reduction in component size whilst maintaining its structural properties. 
Chapter 6 
Conclusions 
The outstanding physical properties predicted for carbon nanotubes have lead to a great deal 
of research into the use of nanotubes as a reinforcing filler material in polymer-based 
composites. The potential benefits of carbon nanotube reinforced polymers are not only 
structural but also include an increase in the working temperature range, the thermal stability 
and the electrical conductivity of the composite. This multifunctionality suggests that the 
materials may be designed to meet both mechanical and secondary material property 
specifications. Initial experimental work on carbon nanotube-reinforced polymers (NRPs) 
has demonstrated that large increases in effective moduli and strength can be attained with 
the addition of small amounts of carbon nanotubes. 
For the analysis and design of nanotube-reinforced polymer materials, accurate models of 
NRP behavior are needed. This is complicated by the range of length scales characteristic of 
these materials. The structure of carbon nanotubes is at an atomistic scale which has been 
modeled successfully using molecular dynamics simulations. Molecular dynamics 
simulations are however computationally expensive and limited to small systems and short 
time periods. Molecular dynamics is thus not able to simulate at a size scale needed for NRP 
composite applications. Thus, continuum methods need to be developed that are able to 
describe the mechanical behavior of NRPs. However, careful consideration needs to be taken 
when using continuum methods to model carbon nanotubes which are at an atomistic size 
scale. 
In this dissertation, a structural mechanics approach to modelling the deformation of carbon 
nanotubes at the atomistic scale was presented. Fundamental to the concept is the notion that 
a carbon nanotube may be modelled as a geometrical frame-like structure with the bonds 
between neighbouring atoms acting as load-bearing members. The sectional property 
parameters of these beams were established through energy equivalence between structural 
mechanics strain energy and molecular mechanics force field energy. This modelling 
technique is able to analyse the mechanical response of carbon nanotubes at the atomic scale 
using existing theories of solid mechanics and methods of computational mechanics. The 
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method is not perplexed in the time scales, thus it is more economical in computation than 
refined atomistic simulation methods, such as molecular dynamics. The major advantages of 
the method are the simplicity of the concept and the improved computational efficiency 
allowing for the simulation of large systems. 
Structural mechanics models of graphene sheets were first modelled to verify the reliability 
and efficiency of the structural mechanics approach to the modelling carbon molecules. The 
computational results of in-planar Young's modulus were comparable to the commonly 
accepted value of in-planar Young's modulus of graphene sheets. The successful prediction 
of the Young's moduli of graphene sheets established confidence in applying the structural 
mechanics approach to modelling of single-walled carbon nanotubes (SWNTs). Boundary 
conditions were placed on various diameter SWNTs of armchair and zigzag chirality to 
determine the axial Young's modulus and shear modulus of the nanotubes. Both Young's 
modulus and shear modulus of the nanotubes tended to increase with increasing nanotube 
diameter, approaching the modulus of graphene sheets at nanotube diameters greater than 1 
nm. The nanotube chirality had little effect on the moduli. These computational results are 
comparable to those obtained from other modelling techniques. Building on the structural 
mechanics approach to modelling SWNTs, we expect to also be able to address the bending 
and buckling behaviour of SWNTs. 
A method of extending the model to multi-walled nanotubes (MWNTs) by introducing a 
nonlinear truss rod model to represent van der Waals forces acting between the non-bonded 
atoms between MWNT layers was proposed. However, computational results of the 
nonlinear truss elements were not achievable with the finite element analysis software 
available. The use of nonlinear truss rod elements to represent the van der Waal's forces 
would also enable the simulation of the nanotube-polymer interface in nanotube-reinforced 
polymer composites. Thus a NRP composite may be simulated with a frame-like structure 
representing the nanotubes and nonlinear truss rod elements connecting the nanotube with 
the polymer which could be modelled as a continuum. 
For the analysis and design of nanotube-reinforced polymer composite structures, detailed 
models of the elastic properties of the composite material at a macroscopic scale are needed. 
Atomistic modelling techniques are efficient at simulating material behaviour at an atomic 
scale but are too computationally intensive for simulating systems of the macroscopic size 
scale. Thus analytical micromechanical analysis methods that take into account the nanoscale 
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characteristics of the nanotubes need to be developed for describing the stiffening effect of 
nanotubes in a polymer matrix. 
Analysis of experimental results reported for NRPs have shown moderate improvements in 
the mechanical properties of polymers by the addition of nanotubes as a filler material. 
While encouraging, these results indicate that the full reinforcing ability of the nanotubes is 
still not being achieved. The unsatisfactory improvements in mechanical properties have 
been attributed to a wide range of parameters that are expected to impact the effective 
response of the NRP composite. Examples of these parameters are: the orientation and 
dispersion of the nanotubes within the polymer, observed waviness on the nanotubes within 
the polymer, and poor load transfer between the nanotubes and the polymer. Accurate 
models of how these parameters influence the effective properties of the NRP will be 
necessary for both the optimization of the fabrication of NRPs and for tailoring of the 
effective properties of the NRP composites. 
A micromechanics model was presented that takes into account the nanoscale characteristics 
of the nanotubes. The Mori-Tanaka method was used to determine the overall properties of 
an isotropic, elastic matrix material reinforced by a large number of dispersed SWNTs that 
were aligned, straight and of infinite length. The nanotubes were modelled as long fibres 
with transversely isotropic elastic properties, with the elastic properties of the nanotubes 
being taken from analytical results in literature. The calculated results for polystyrene 
reinforced with uniformly distributed, aligned, 2 nm diameter SWNTs showed a large 
magnitude of increase of Young's modulus in the fibre direction for low volume fractions of 
nanotubes. However, the Young's modulus in the transverse direction only increased slightly 
with increasing nanotube volume fraction due to the nanotubes being highly transversely 
isotropic. 
The effects of nanotube orientation and agglomeration on the overall elastic properties of 
NRPs were then investigated using extensions of the model. The elastic modulus of 
polystyrene reinforced with randomly oriented, uniformly dispersed, straight SWNTs was 
calculated for increasing volume fraction of nanotubes. The orientation distribution of the 
nanotubes was characterised by a completely random probability density function. A 
substantial increase in Young's modulus of the resulting composite was demonstrated. It was 
however not in the same magnitude of increase as the Young's modulus of uniformly 
oriented NRP in the nanotube axis direction. 
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The effect of distribution of the nanotubes on the elastic properties of randomly oriented 
nanotubes was then investigated. An Eshelby's inclusion model, where the composite is 
considered to have spherical inclusions with concentrated nanotubes, was used to model the 
influence of agglomeration of nanotubes on the effective stiffness of a NRP composite. The 
degree of agglomeration was described using a two parameter model and the reduction of 
stiffening effect, when compared to a uniformly oriented NRP composite, was calculated. 
The results indicated a significant decrease in Young's modulus of agglomerated NRP 
composites when compared to uniformly oriented composites. 
From the results, it is evident that for the full potential of nanotube as a reinforcing material 
to be achieved, the nanotubes need to be well dispersed, straight and uniformly oriented. The 
model presented may be improved by extended it to include other characteristics that may 
have reducing effect on the overall properties of NRPs, such as nanotube curvature and poor 
load transfer at the nanotube-polymer interface. The development of experimental methods 
that enable the isolation of individual parameters of NRPs would be desirable in the 
development and analysis of these modelling techniques. 
A structural application was presented to determine the performance of polystyrene 
reinforced with well dispersed, straight, aligned SWNTs. The structural application chosen 
was a beam element in bending. Analysis of beam elements is important for both mechanical 
characterization by bending tests, and the use of beams as basic elements of structures. 
Symmetric laminate beams with different stacking sequences were analysed when loaded 
about three points. The measurement of performance was taken to be the deflection of the 
beam at its mid-point. Classical laminate theory was applied to a material with elastic 
properties calculated using the micromechanics model proposed for well dispersed, straight, 
uniformly oriented nanotubes. The deflections of the beams were shown to decrease 
dramatically at low volume fractions of nanotubes. 
The performances of the nanotube-reinforced polystyrene beams were then compared against 
carbon fibre-reinforced epoxy composite beams with the same stacking sequence but varying 
thickness. The lower density of the NRP and the large magnitude of increase in longitudinal 
Young's modulus with increasing nanotube volume fraction allowed for the NRPs to 
outperform traditional carbon fibre-reinforced composite materials in a weight-critical 
application. 
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Polymers reinforced with randomly oriented, straight nanotubes have isotropic material 
properties at the macroscopic scale. Consequently, a measure of their performance in weight-
critical applications is their specific modulus. The specific modulus of polystyrene 
reinforced with well dispersed, randomly oriented nanotubes was calculated. The results 
indicated that a high volume fraction of nanotubes is needed to provide structural 
performance equal to existing bulk materials, thus demonstrating the need to align nanotubes 
within their polymer composites to obtain high performance structural materials. 
Appendix A 
Summary of dispersion methods used for preparing nanotube-
reinforced polymers reviewed in literature 
Preparation Method 
Ultrasonic dispersion 
(Ajayan et al. 2000) 
Mixing in ultrasonic bath and spin coating 
(Stephan et al. 2000) 
Ultrasonic dispersion 
(Haggenmueller et al. 2000) 
Mixing followed by in situ polymerization 
(Jiaetal. 1999) 
Electrochemical method 
(Chen et al. 2000) 
Mixing and ultrasonic treatment 
(Chang et al. 2000) 
Tube sonication followed by mixing with polymer 
(Lourie et al. 1998a, Sandler et al. 1999) 
Ultrasonic dispersion before curing 
(Schadler et al. 1998) 
Solution evaporation assisted by high-energy sonication 
(Qian et al. 2000) 
Tube sonication, drying, and dispersion on a glass surface, 
spreading of polymer by blade 
(Lourie etal. 1998b, 1999) 
Mixing with the polymer, casting, and controlled water 
evaporation after chemical treatment of the tubes 
(Shaffer et al. 1999) 
Casting of nanotube suspension, polymer, and chloroform 
after sonication 
(Jin et al. 1998, Bower et al. 1999) 
Tube sonication in ethanol, drying, and dispersion on a 
glass surface, polymer spreading by blade 
(Wagner etal. 1998) 
Tube sonication and mixing with polymer 
(Ajayan et al. 1994) 
Chemical oxidation and spin coating 
(Ago etal. 1999) 
Mixing and sonication (Curran et al. 1998, 
Coleman et al. 1998, Woo et al. 2000) 
Surfactant 




























Epoxy (Araldite LY556) 
Epoxy (Epon 828) 
Polystyrene 
Epoxy (Araldite LY564) 











Engineering constants of unidirectional composite materials 
The engineering constants of Young's Moduli, Poissons ratios, and shear moduli as 
functions of the stiffness constants are determined by imposing a known stress field and the 
measuring the strain field. 
B.l Stiffness matrix 
The elastic behaviour of a unidirectional composite material can be described by the stiffness 
constants: 











































£ 2 2 
£33 
£ 23 
£ 1 3 
L£12 . 
B.2 Longitudinal tensile test 
For the longitudinal tensile test, all the stresses are zero except for the stress in the 
longitudinal direction. 
(T„ * 0, 
a,-a 
The elasticity equations may thus be written as functions of the stiffness constants: 
<7n =nsn +ls22 +/£33 
0 = lsu+ (k + m)s22 +(k- m)s 
0 = lsu +(k- m)s22 +(k + m)s 
S2i — £13 = £12 = U. 
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From these relations we deduce: 
and 
£ 2 2 — £ 33 2k 
0"ll = 
/ 2 ^ 
i — 
V * J 
Thus we deduce the longitudinal Young's modulus EL and the Poisson ratio vLT for 
longitudinal tension: 
EL =n k vLT = 
l_ 
2k 
B.3 Transverse tensile test 
For the transverse tensile test, a stress field is imposed such that the stress in one of the 
transverse directions is not zero, while the stress in the longitudinal and the other transverse 
direction are zero. 
'22 * o , 
a.. =0. 
V 
The elasticity equations may thus be written: 
0 = nsn + Is 22 +/e3 3 
a22 * /fin + {k + rn)s22 +(k- m)si3 
0 = lsu +{k — w)e22 + yk + mjSjj 
£23 = £13 = £12 = ^* 
From these we deduce: 
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2ml 
I2 — n(k + m) 
n(k — m) — l2 
n(k + m)-l2 
Am(kn-l2) 
*M 1 — _ •-» / ^ \* * 22 
£33 ~ (i , \ ,  £22 
°22 - , ,2 , £22 
Thus we deduce the transverse Young's modulus ET and the Poisson ratios for transverse 
tension: 
4m(kn-l2) 
kn — l + mn 
Vr, = 
2ml 
TL 1 /2 , 
V77" ~ 
£n - / - mn 
kn-l2 +mn 
It can be shown that the coefficients EL, ET, VTL and vLT are connected by the relation: 
vLT VTL 
B.4 Longitudinal shear test 
For the longitudinal shear test all stresses are zero except the shear stress in the longitudinal-
transverse direction. 
JcTB # 0, JCT12 * 0, 
L.. =0 if i*\J*l [cry/ = 0 // i*\J*2. 
In the second case the elasticity equations are: 
£11 = £22 = £33 = £23 = £13 = " » 
CT12 =2PS12-
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From this we deduce: 
GLT = 2p. 
Because the directions T and T are equivalent we have: 
B.5 Transverse shear test 
For the longitudinal shear test all stresses are zero except the shear stress in the transverse-
transverse direction. 
CT23 * 0 , 
ov = 0 if i*2,j*3. 
Hence the elasticity equations are: 
^11 — ^22 — ^33 ~~ ^13 — ^12 — " » 
The transverse shear modulus GTT' is thus written: 
GJJ, = 2m. 
The transverse shear modulus GTT is related to the transverse Young's modulus ET and the 
Poisson ratio vrr by the expression: 
G — 
2(l +VJJ.,) 
B.6 Lateral hydrostatic compression 
A lateral hydrostatic compression test without longitudinal deformation also allows a simple 
characterization of materials. In such a test the applied stress and strain fields are such that: 
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CT22 — ^ 3 3 — * > 
°"23 = CT13 = a i 2 = °> 
£ n = 0 , 
rxn*0. 
Where P is the applied pressure. 
The elasticity equations are then written as: 
( 7 , ! = /£22 + ' £ 3 3 , 
- P = (k + m)s22 +(k - m)£J3 
- P = (k - m)s22 + (k + m)e 33 
£ 2 3 — £13 — £12 — ^ ' 
From these equations we deduce: 
£ 2 2 — £ 3 3 ' 
O i l ^ r * 0 ' ) ' } * 
The surface dilation es is: 
es ~~ £ 22 "*" £ 33 — , 
or 
P = -he. 
From this we deduce the lateral compression modulus KL without longitudinal deformation: 
KL=k 







Matlab script files 
C.l Aligned nanotubes 
A Matlab script file created to determine the elastic moduli of NRPs reinforced with straight, 
aligned nanotubes. The inputs are the Hill's elastic moduli of the nanotubes considered and 
the elastic properties of the polymer. The Hills elastic moduli of the composite are then 
calculated at increasing volume fractions of nanotubes (equations 5.2 to 5.6). The elastic 
moduli of the composite are then calculated from functions of the stiffness constants, 
(equations 5.7 to 5.10). The outputs are the engineering constants of the NRP. 
clear all; 
% INPUTS 
% Representative Elastic Moduli for SWNT (Popov et al. 2000): 
kr=30; lr=10; mr=1; nr=450; pr=1; %{GPa) 
% Properties of polymer: 
Em=1.9; %Young's Modulus (GPa) 
vm=0.3; %Poisson's ratio 
%CALCULATIONS 
%Loop to determine engineering constants 
N=1000; %No. of increments 
t=1/N; 
cr=0:t:1; % Volume fraction of nanotubes=cr 
for i=1:N+1 
cm(i)=1-cr(i); % Volume fraction of matrix=cm 
%Hills Elastic Moduli 
k(i)=(Em*(Em*cm(i)+2*kr*(1+vm)*(1+cr(i)*(1-2*vm))))/(2*(1+vm)*(Em*(1+cr(i)-2*vm) 
+2*cm(i)*kr*(1 -vm-2*vmA2))); 
l(i)=(Em*(cm(i)*vm*(Em+2*kr*(1+vm))+2*cr(i)*lr*(1-vmA2))) / ((1+vm)*(2*cm(i)* kr* 
(1-vm-2*vmA2)+Em*(1+cr(i)-2*vm))); 

























ylabelCEffective elastic modulus (Gpa)','FontSize',12) 







ylabel('Effective Poisons Ratio v127FontSize',12) 





ylabelCEffective Shear Modulus G12 (GPa)7FontSize',12) 
title('Effective Shear Modulus7FontSize\12) 
plotedit on 
98 
C.2 Random oriented nanotubes 
A Matlab script file created to determine the elastic moduli of NRPs reinforced with straight, 
random oriented nanotubes. The inputs are the Hill's elastic moduli of the nanotubes 
considered and the elastic properties of the polymer. The bulk moduli of the composite are 
then calculated at increasing volume fractions of nanotubes (equations 5.11 to 5.16). The 
elastic moduli of the composite are then calculated from the bulk moduli (equations 5.17 and 




% Representative Elastic Moduli for SWNT (Popov et al. 2000): 
kr=30; lr=10; mr=1; nr=450; pr=1; %(GPa) 










cr=0:t:0.25; % Volume fraction of nanotubes=cr 
for i=1:N+1 


















ylabel('Effective elastic modulus (Gpa)7FontSize',12) 





ylabel('Effective Poisons RatioVFontSize',12) 
title('Effective Poisons Ratio','FontSize',12) 
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C.3 Agglomerated isotropic nanotubes 
A Matlab script file created to determine the effect of agglomeration on the elastic properties 
of nanotubes if the nanotubes are considered to be isotropic. A two part model is used to 
describe the degree of agglomeration. The inputs are the volume fraction of nanotubes and 
the representative values of elastic moduli for the nanotubes and the polymer matrix. The 
Voigt model is used to determine the effective modulus of the inclusions and the matrix 
(equations 5.25 to 5.26) and thus allow for the determination of the effective elastic modulus 
of the composite material (equation 5.27). The output is the Young's modulus of the 
resulting isotropic material. 
clear all 
% INPUTS 

























if x(i)>z(j) %x can not be greater than z from definition of model of 
E(j,i)=NaN; %agglomeration 
end 
if x(i)<(1.1 *cr*z(j)) %x must be greater than cr*z from definition of model of 




EE=E/E(2,2) % Young's modulus with respect to uniformly dispersed composite 
%graphs 
v=[0.3 0.4 0.5 0.6 0.7 0.8 0.9]; 
figure(1) 






C.4 Agglomerated anisotropic nanotubes 
A Matlab script file created to determine the effect of agglomeration on the elastic properties 
of nanotubes if the nanotubes are considered to bean isotropic. A two part model is used to 
describe the degree of agglomeration. The inputs are the volume fraction of nanotubes, the 
Hill's elastic moduli of the nanotubes considered, and the elastic properties of the polymer. 
The effective bulk moduli of the inclusions and the matrix are calculated (equations 5.28 to 
5.31). The effective bulk moduli of the composite material are derived (equations 5.32 to 
5.35). The elastic moduli of the composite may then be calculated from the bulk moduli 
(equations 5.36 and 5.37). The outputs are the Young's modulus and Poisson's ratio of the 
resulting isotropic material. 
clear all 
% INPUTS 
% Representative Elastic Moduli for SWNT (Popov et al. 2000): 
kr=30; lr=10; mr=1; nr=450; pr=1; %(GPa) 































%Bulk Moduli of composite 
K=Kout*(1 +(x(i)*(Kin/Kout-1 ))/(1 +a*(1-x(i))*(Kin/Kout-1))); 
G=Gout*(1 +(x(i)*(Gin/Gout-1 ))/(1 +b*(1 -x(i))*(Gin/Gout-1 ))); 
E(j,i)=9*K*G/(3*K+G); 
vG,i)=(3*K-2*G)/(6*K+2*G); 
xx(j,i)=x(i); %for graph 
zz(j,i)=z(j); %for graph 
if x(i)>z(j) %x can not be greater than z from definition of model of 
E(j,i)=NaN; %agglomeration 
end 
if x(i)<(1.1 *cr*z(j)) %x must be greater than cr*z from definition of model of 
E(j,i)=NaN; % agglomeration 
end 
%OUTPUT 
EE=E/E(2,2) %elastic modulus/elastic modulus with no agglomeration 
%graphs 
v=[0.3 0.4 0.5 0.6 0.7 0.8 0.9]; 
figure(1) 






C.5 Deflection of an aligned nanotube-reinforced composite beam 
A Matlab script file created to determine the deflection of an aligned nanotube-reinforced 
composite beam under pure bending. The inputs are the Hill's elastic moduli of the 
nanotubes considered, the elastic properties of the polymer, the orientations and thicknesses 
of the layers of the laminate beam, and the load on the beam. The engineering constants of 
the composite are determined for increasing nanotube volume fraction as in Appendix C.l. 
The reduced stiffness matrix is calculated for each layer which are used to calculate the 
bending stiffness matrix of the laminate. The bending stiffness matrix is then used to 
calculate the output of the deflection of the beam at its centre (equation 6.17). 
clear all 
% INPUTS 
% Representative Elastic Moduli for SWNT (Popov et al. 2000): 
kr=30; lr=10; mr=1; nr=450; pr=1; %{GPa) 
% Poiymer Properties: 
Em=1.9; %GPa 
vm=0.3; 
% Laminate properties 
M=8; %no of layers 
orientt=[0 pi/4 -pi/4 pi/2 pi/2 -pi/4 pi/4 0; pi/2 pi/4 -pi/4 0 0 -pi/4 pi/4 pi/2; 
pi/4 0 -pi/4 pi/2 pi/2 -pi/4 0 pi/4]; %orientations 
h=[-0.5 -0.375 -0.25 -0.125 0 0.125 0.25 0.375 0.5]; %thickness 
% Beam properties 
P=1; %force[N] 
L=10; %length [mm] 

















(1 -2*vm))/((1 +vm)*(2*cm(i)*kr*(1 -vm-2*vmA2)+Em*(1 +cr(i)-2*vm))) 
+(Em*(2*cm(i)A2*kr*(1-vm)+cr(i)*nr*(1-2*vm+cr(i))-4*cm(i)*lr*vm)) 
/(2*cm(i)*kr*(1-vm-2*vmA2)+Em*(1+cr(i)-2*vm)); 












Q22=E22(i)/(1 -(v12(i)*v21 (i))); 
Q12=v21 (i)*E11 (i)/(1 -(v12(i)*v21 (i))); 
Q33=G12(i); 





T=[mA2 nA2 2*m*n; nA2 mA2 -2*m*n; -m*n m*n mA2-nA2]; 
R=[1 0 0;0 1 0;0 0 2]; 
Qthetal =(TA-1 )*Qtheta0*R*T*(RA-1 ); 
d11 (j)=Qtheta1 (1,1)*(h(j+1 )A3-hC)A3); 
d12(j)=Qtheta1 (1,2)*(h(j+1 )A3-hC)A3); 
d13G)=Qtheta1 (1,3)*(h(j+1 )A3-h(j)A3); 
d21 G)=Qtheta1 (2,1 )*(h0'+1 )A3-hG)A3); 
d22G)=Qtheta1 (2,2)*(hG+1 )A3-hG)A3); 
d23G)=Qtheta1 (2,3)*(hG+1 )A3-hG)A3); 
d31 G)=Qtheta1 (3,1 )*(hG+1 )A3-hG)A3); 
d32G)=Qtheta1 (3,2)*(hG+1 )A3-hG)A3); 
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